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ABSTRACT 
Hygrothermal Analysis and Failure Analysis of Composite Beams 
under Moving Loads 
Moiz Hanif 
 Excellent combination of high structural stiffness and low weight are the 
qualities of composite material leading to the extensive work on such materials. 
In order to achieve the desired performance requirements, the designer has to 
take into consideration the structural requirements and the functional 
characteristics. Thus, in this study, the effect of hygrothermal conditions on fiber 
reinforced composite laminates with moving loads have been extensively studied 
and has been carried out that accompanies Classical Laminate Plate Theory 
(CLPT) as well as First Order Shear Deformation Theory (FSDT) on MATLAB. A 
glass/epoxy composite system has been chosen for study with which similar 
results may be expected for other laminated composites. The hygrothermal effect 
is incorporated by adjusting the stiffness coefficients of the laminate to its level of 
moisture concentration using empirical relations.  The failure analysis is done 
using the maximum normal stress criterion and the factor of safety for the lamina 
calculated and compared with respect to the corresponding maximum stresses 
and strengths. Different fiber volume fraction with varying fiber orientation of the 
plies in the laminate were modeled and studied. The results presented show the 
effect of stresses and strains in dry conditions, whereas for hygrothermal 
analysis, they also indicate that not all the laminates behave in a similar fashion 
and so it is possible by selecting the proper laminate configuration, the effect of 
moisture can be reduced. Also deducing, that due to hygrothermal effects, 
changes in the stiffness coefficients of a laminate do not appear to affect the 
deflection results significantly. 
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CHAPTER 1 
INTRODUCTION 
1.1 Problem Statement 
The extensive use of composite materials is due to their high strength to 
weight ratio and the ability to tailor material and structural properties. Factors that 
affect the material properties and stresses on such materials are thus of high 
interest. These properties are affected by environmental conditions such as 
moisture and temperature, needing to perform analyses of composites under 
hygrothermal conditions.  
1.2 Composite Laminates 
Layers of fibrous composite materials can be stacked to achieve desired 
engineering properties such as in-plane stiffness, bending stiffness, strength and 
coefficient of thermal expansion as some examples that could not be achieved by 
the monolithic materials alone. Such assemblies are the components of a 
composite laminates. Composite materials are classified based on fiber 
geometry, namely continuous fiber, whiskers, and particulates; the classification 
based on matrices correspond to polymer, metal, and ceramic composites. 
Layers of different materials are sometimes used and such materials are 
called hybrid laminates. The different laminate types are symmetric and 
unsymmetric, cross-ply and angle-ply, balanced and unbalanced laminates. 
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 Several theories are available for analyzing such complicated composite 
structures. Since composite laminates have larger planar dimensions than the 
thickness, they can be treated as plate elements and therefore plate theories are 
adopted. The plate theories can be systematically reduced to analyze beams 
made of composite materials. 
1.3 Literature Review 
 Polymer matrix composite structures, when subjected to high temperature 
in a moist environment (hygrothermal condition), behave very differently from that 
of metals. There are two main effects on composite materials in a hygrothermal 
environment; one is the generation of residual stresses and the other is the 
degradation of stiffness and strength properties of the matrix. 
In a study by Pipes, Vinson and Chou (1976), it is shown that when a 
composite laminate is exposed to high-temperature environments, which 
enhance moisture diffusion, there is a reduction in both strength and constitutive 
properties of fiber-reinforced polymeric composites. This degradation may be 
magnified even more by the residual stresses induced by both the hygroscopic 
and thermoelastic characteristics on the unidirectional composite. A unified 
treatment of the hygrothermal response of the laminated composite plate 
element is derived. The analysis develops effective moisture in-plane force 
resultants and bending resultants, which when coupled with mechanical and 
thermal loadings, yield laminate stresses resulting from the total hygrothermal 
and mechanical loading environment.  
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Shen and Springer discuss moisture distribution and the moisture content 
as a function of time of homogeneous and composite materials exposed either 
on one side or on both sides to humid air or to water. Experiments and analysis 
are done for determining the values of the moisture content diffusivity of 
composite materials by submerging the materials in moist air, with humidity 
ranging from 0 to 100%, and in water. The test data supported the analytical 
results. The ultimate tensile strengths of Thornel 30/Fiberite 1034 graphite epoxy 
composites are measured with material temperature ranging from 200 K to 422 K 
and the moisture contents from 0% (dry) to 1.5% (fully saturated). All 
measurements are performed using 0°, 90° and 45° laminates. It is shown that 
the mechanical properties of composite materials might suffer when the material 
is exposed to high temperatures and high humidity environments. It was found 
that for 0° and π/4 laminates, changes in temperature in the range 200 K to 380 
K appear to have negligible effect on the ultimate tensile strength of the laminate, 
regardless of the moisture content of the material whereas after raising to in 
between 380 K and 450 K, there might be a slight decrease in strength. But they 
have a small effect on the ultimate tensile strength due to moisture content. And 
for 90° laminates, the increase in temperature from 200 K to 450 K, there is a 
significant decrease in ultimate tensile strength. This decrease depends on both 
the temperature and moisture content and may be up to 90 percent.  For such 
laminates, the moisture content affects significantly the ultimate tensile strength.  
Chamis (1983) has introduced a unified set of composite micromechanics 
equations that could also be used to predict moisture absorption along with other 
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geometric, thermal, mechanical and hygral properties. Empirical relations 
between the moisture content and temperature level are also developed.  
It is observed in a research by Bouadi and Sun (1989) on the 
hygrothermal effects on the stress field of laminated composites that some of the 
stress components induced by hygrothermal change are significant to cause 
failure of the laminate. This is done by plotting numerical results of three-
dimensional stress field for [90/0] laminates. A three-dimensional finite element 
program based on displacement field is developed for this analysis and the 
stress field induced by hygrothermal and/or initial strain is evaluated.  
Borovkov, Avdeev and Artemyev (1999) conduct stress, vibration, and 
buckling analyses of laminated composite beams using the finite element 
method. The classical laminate plate theory (CLPT), first-order shear deformation 
theory (FSDT), third-order theory of Reddy (TSDT-R) and third-order theory of 
Kant (TSDT-K) with the use of Lanczos method are used. A higher-order 
hierarchical element for the calculation of the shear stress is proposed.  
In a study by Sarae, et al. (2010), it is proposed that it takes decades to 
reach moisture steady-state equilibrium in composite laminates and thus hourly 
fluctuating boundary moisture and temperature conditions require several 
millions of time steps to reach a state of equilibrium.  
Wang and Tsai (2010), develop a process to derive the dynamic 
distribution of moisture content in a carbon/epoxy composite laminate based on 
theories of thermal conduction and moisture diffusion. The results show that the 
moisture content in a composite laminate is low and assumed not to affect the 
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thermometric conductivity. However, the local material temperature directly 
affects the moisture diffusivity.  
Whitcomb and Tang (2002), determine the effect of fiber volume fraction 
on effective moisture diffusivity using the finite element method. It is also found 
that for low to moderate fiber fractions (Vf< 40%) the effective diffusivity is 
essentially the same for both hexagonal and square fiber arrangements. For high 
fiber-volume fractions (Vf> 40%) there are significant differences. Similarly, in 
another paper by Todo, Nakamura and Takahashi (2000), the effect of moisture 
absorption inter-laminar fracture behavior of two different kinds of carbon/epoxy 
composites at a low impact rate of 0.9 m/s is studied. The results show that 
moisture absorption has an influence on the inter-laminar fracture toughness 
values of the composites. The experimental results also indicate that the impact 
loading condition tends to decrease the inter-laminar fracture toughness values. 
It is of fundamental importance to develop tools that allow the designer to obtain 
optimal layups considering the structural requirements, functional characteristics 
and restrictions imposed by the production process. Tita, Carvalho, and Lirani 
(2003), consider the dynamic behavior of components manufactured from fiber 
reinforced composite materials. Some beams are made using the hand-lay-up 
process followed by a molding under pressure and heating. Experimental 
dynamic tests are carried out using specimens with different fiber orientations 
and stacking sequences. These experiments are used to validate the theoretical 
model and the results obtained from the finite element analysis. It is shown that 
changes in the laminate stacking sequences result in different dynamic behavior 
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of the component, that is, different natural frequencies and damping factor for the 
same geometry, mass, and boundary conditions. This possibility makes once 
more these materials very attractive since it makes possible to obtain the desired 
natural frequencies and damping factors without increasing mass or changing 
geometry.  
Moisture and temperature are our primary areas of focus in this study that, 
after a prolonged exposure to the hygrothermal environment, affect the materials 
properties and residual stresses. It also affects the polymer matrix composite 
structure. The coefficient of thermal expansion is usually higher for the matrix. 
Upadhyay and Lyons (2000) study the hygrothermal degradation effect on 
cylindrical bending of plates with large deflections. Pinned-pinned and clamped-
clamped laminates are considered in this study and large deflection theory is 
implemented to calculate the deflections and the results are compared to that of 
the linear theory. In-plane and uniform transverse load are applied on these 
laminates. Their conclusion is that the hygrothermal effect is more pronounced in 
the linear model than in the large-deflection model.  Upadhyay, Murthy, and 
Lyons (1996) conclude that the load carrying capacity of a polymer matrix 
composite is significantly reduced due to the presence of residual stresses 
caused by a hygrothermal environment.  
Shokrieh and Kamali (2005) study residual stresses of composites at the 
macroscopic and microscopic level, and it is shown that moisture and 
temperature are the two of the few factors responsible for the build up of residual 
stresses. The classical laminate plate theory (CLPT) is used for calculation of 
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residual stresses in each layer of laminated composites. As long as the 
temperature-dependent properties are not considered, the CLPT is adequate for 
analyzing the residual stresses. 
In a study by Upadhyay and Lyons (2000), the effect of hygrothermal 
residual stresses on the large deflection of plates is considered.  
In another study, Shokrieh and Kamali study residual stresses of 
composites at a macroscopic and microscopic level, and it was shown that 
moisture and temperature are the two of the few factors responsible for the build 
up of residual stresses. 
 Pipes, Vinson and Chou have studied the hygrothermal response of 
laminated composite systems. A plate element is used to analyze the laminate 
stresses resulting from hygrothermal and mechanical loading. A six-ply graphite 
epoxy laminate is considered for the analysis of hygrothermal effects. The 
effective moisture bending and in plane force resultants are developed and 
combined with thermal loads. One of the main focuses was on the reduction in 
strength and constitutive properties of fiber-reinforced composites when 
subjected to environments that alleviate moisture diffusion at elevated 
temperatures. This apparent degradation in elevated temperature properties may 
be magnified even more by residual stresses. Results showed once again that 
failure of the laminate is probable due to the changes induced by hygrothermal 
effects. [Pipes, Vinson and Chou (1976)] 
In another study by Shen and Springer, it was defined that the maximum 
moisture content ( ) of a material when exposed to humid air can be Mm
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calculated to a high approximation by the equation 
Mm = aφ b         (1.1) 
Where  and are constants 
 being the relative humidity 
With this, increasing temperatures alleviate the moisture absorption as 
well as intensifying the residual stresses, thus temperature makes a great affect. 
The glass transition temperature, , is defined as the temperature at which the 
glassy form of a polymer changes to rubbery form. 
Taheri (1987) has studied the dynamic response of beams and plates 
subjected to moving loads. Dynamic interactions between moving vehicles and 
supporting guide-way systems are studied. The numerical results are verified 
with analytical solutions. It is noted that the deflection curve due to a moving load 
and a due to a static load are very different. 
Kadivar and Mohebpur (1997 and 1998), use the finite element method to 
study the dynamic response of an asymmetric laminated composite moving 
beam subjected to moving loads. The moving load moves from one end to the 
other at different velocities. The response is compared with other numerical 
results from other studies. In this study, a one-dimensional finite element based 
on classical laminate theory first order shear deformation theory and higher-order 
shear deformation theory having 16, 20 and 24 degrees of freedom, respectively 
for an element is developed.  
a b
φ
Tg
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Kiral, Kiral, and Baba (2004) have studied the dynamic behavior of 
laminated composite subjected to a single force traveling at a constant velocity. A 
three-dimensional model based on classical laminate theory is used and the 
results show that the traveling velocities and ply orientations have significant 
influence on the dynamic responses of composite beams.  
Kavipurapu (2005) investigates the dynamic response of glass/epoxy 
beams subjected to moving loads under dry and wet environmental conditions 
using the general purpose finite element program ANSYS. The ply properties are 
calculated using the rule of mixtures and a parametric study is conducted by 
varying the fiber volume fraction and the fiber orientations of the angle plies in 
the laminate. The results indicate that the dynamic magnification factors 
generally increase due to hygrothermal effects but all the laminates considered 
did not behave in a similar manner. It is deduced that it is possible to minimize 
the environmental effect by judiciously selecting the laminate configuration.  
1.4 Need for Present Study 
 In order to achieve desired performance requirements, the designer has to 
take into consideration the structural requirements and the functional 
characteristics. Structures such as towers, poles, and bridges are a few 
examples of their application where hygrothermal conditions greatly affect their 
performance. Studying the previous work done in this field, it appears that the 
stress distribution across the thickness of a composite beam subjected to moving 
loads has received little attention.  The one analysis of deflection of composite 
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beams under moving loads uses the general-purpose finite element program 
ANSYS. Setting this problem in MATLAB gives more flexibility and an opportunity 
to verify earlier results.  
1.5 Objectives 
 The main objectives of this thesis are  
• Model and analyze the effect of static and moving loads in dry and wet 
conditions 
• Analyze the cross-sectional stresses at any cross section along the beam 
made of fiber reinforced composite laminates.  
• MATLAB will be used extensively for simulating the effect of moving load 
which will be basically done on simply supported homogenous/isotropic 
beams as well as composite beams with varying velocities.  
• Transverse deflections of the beam under different conditions, dry and 
wet, isotropic and non-isotropic, static and moving loads will be studied 
and the stresses analyzed for failure analysis. 
1.6 Thesis Overview 
The first chapter summarizes the background and the need for this study. 
In Chapter 2, the various theories that govern the composite behavior, 
composite lay-up and the theoretical study of this research are defined in 
accordance with the equations that shall be used for modeling and analysis. 
In Chapter 3, the finite element formulation of the problem in MATLAB is 
11 
 
detailed.  
Chapter 4 discusses the numerical implementation with different 
integration scheme.  
Chapter 5 presents the verification of the model by comparing with 
previous authors.  
Chapter 6 shows the results obtained for the present study, mainly a 
hygrothermal analysis for a moving load for various laminate stacking 
sequences, namely [0/20/-20]s, [0/90/45/-45]T and [0/90/30/-30]s. 
Chapter 7 includes results from the present study, in the form of cross-
sectional stresses resulting in a failure analysis. 
Finally, Chapter 8 consists of conclusions and recommendations for future 
work. 
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CHAPTER 2 
THEORETICAL FORMULATION 
 
2.1 Introduction 
 This chapter sets out the theoretical formulation for the analysis of a 
composite beam subjected to static and moving loads. Further, the equations 
that govern the response of composite materials subjected to hygrothermal 
conditions are discussed in this chapter along with two basic laminate theories, 
namely, the Classical Laminated Plate Theory (CLPT) and First-order Shear 
Deformation Theory (FSDT). A simply-supported beam is considered and Figure 
2.1 shows such a beam under a moving load. 
Moving Load Direction 
                                                      L 
Figure 2.1 Simply-supported beam subjected to a moving load 
2.2 Composite Lay-up and Loading Configuration 
 Figure 2.2 shows the geometry of a composite laminate with the different 
layers numbered from 1 to N. Since the thickness of the laminate is small 
compared to the in-plane dimensions of the plate, every layer is assumed to be 
under the state of plane stress. The x-y co-ordinate plane is attached to the 
middle surface of the laminate with the positive z axis up. The total thickness of 
F 
x 
z 
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the laminate is h. The z co-ordinate of the top of the kth layer is denoted as zk 
while the quantity, , represents the z co-ordinate of the middle surface of the 
layer. [Barbero (2011)] 
 
Figure 2.2 Composite lay-up configuration 
 Figure 2.3, shows the force and moment resultants acting on a laminate. 
These resultants shown in the figure are the positive quantities. The Nx, Ny and 
Nxy are the force resultants and Mx	   , My, Mxy are the moment resultants with 
respect to the x, y and z axis. 
zk
kth
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Figure 2.3 Force and moment resultants [W.E. Haisler, (2012)] 
Traditionally there are two distinct co-ordinate systems employed in 
association with a composite ply; these are an on-axis system consisting of x1 
and x2 axes (with the x1 axis aligned with the fiber) and an off-axis system 
consisting of x and y axes (Figure 2.4).  
 
Figure 2.4 Co-ordinate systems used for a unidirectional lamina 
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2.3 Isotropic Beam Model 
The stress strain relation for a beam made of an isotropic material is given 
by [Chandrasekaran (2000)] 
            (2.1) 
where the strain in the x direction is given by 
          (2.2) 
The u and w are deflections in the x and z directions, respectively, and the ()' and 
()" represent the first and second derivatives with respect to x. The variation in 
the strain is obtained as 
       (2.3) 
The variation of strain energy is given by 
     
       
(2.4) 
Substituting the expression for stress and variation in strain in the equation for 
variation of strain energy, we get 
      
  
  (2.5) 
xx Eεσ =
wzwux ʹ′ʹ′−ʹ′+ʹ′=
2
2
1
ε
wzwwux ʹ′ʹ′−ʹ′ʹ′+ʹ′= δδδδε
∫∫∫=
V
xxU δεσδ
∫∫∫ ʹ′ʹ′−ʹ′+ʹ′ʹ′ʹ′−ʹ′+ʹ′=
V
dVwzwwuwzwuEU ))(
2
1( 2 δδδδ
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Expanding the terms in the integral, reducing the volume integral into 
three single integrals over the length, breadth and height and eliminating 
nonlinear and higher-order terms yields  
    
(2.5a) 
where I  is the moment of inertia and A is the area of cross-section. 
2.4 Composite Plate Theories 
 The details of the CLPT and FSDT are described in this section. 
2.4.1 Classical Laminate Plate Theory (CLPT) 
The classical laminate plate theory being the simplest one is one in which 
the displacement field is based on Kirchhoff hypothesis valid for thin plates with 
side-to-thickness ratio greater than 10, which consists of the following 
assumptions.  
• The transverse normals do not experience any elongation, which means 
they are inextensible (εzz= 0). 
• The transverse normals rotate such that they remain perpendicular to the 
middle surface after deformation. 
• The transverse normals, remain straight after deformation. 
• The transverse strains, εxz , εyz and εzz are all zero.  
• The strains and displacements are small with moderate rotations. 
• The layers are perfectly bonded together as well as each layer is of 
δu = (EA !u δ !u + bNx !w δ !w +EI !!w δ !!w )dxe
0
L
∫
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uniform thickness.  
• The material of each layer is linearly elastic and has two planes of 
materials asymmetry, i.e. Orthotropic.  
• The transverse shear stresses on the top and bottom surfaces of the 
laminate are also zero. 
The displacement equations are represented as follows Reddy (1997) 
 
 
      
(2.6) 
where the ,  and  represent the mid plane displacements independent of 
the thickness and  and  are the rotations about the x and the y axes, 
respectively.  The rotation of the transverse normal is in such a way that the 
transverse normal is perpendicular to the mid-plane and hence the rotation can 
be represented as the rotation of w with respect to the x axis, which is . 
Similarly, the rotation of w with respect to y axis can be deduced as .  
The w0 consists of only one component, which is the bending component since 
the transverse shear is not considered in the formulation of the theory. 
Substituting these in Eq. (2.6), the final displacements for the CLPT can be 
obtained as follows  
),,(),,(),,,( 0 tyxztyxutzyxu xφ+=
),,(),,(),,,( 0 tyxztyxvtzyxv yφ+=
),,(),,,( 0 tyxwtxyxw =
0u 0v 0w
xφ yφ
xw ∂∂− /0
yw ∂∂− /0
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       (2.7) 
This means that once the mid-plane displacements are known, the 
displacements at any point (x,y,z) in the 3D continuum can be determined. Figure 
2.7 shows the undeformed and deformed geometries of an edge of a plate under 
the Kirchhoff assumption. 
	  
Figure 2.5 Undeformed and deformed geometries of an edge of a plate 
under Kirchhoff’s assumption for CLPT [Reddy (1997)] 
x
w
ztyxutzyxu
∂
∂
−= 00 ),,(),,,(
x
w
ztyxvtzyxv
∂
∂
−= 00 ),,(),,,(
),,(),,,( 0 tyxwtzyxw =
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2.4.2 First Order Shear Deformation Theory (FSDT) 
The first order shear deformation theory, is more appropriate since the 
transverse shear strains may not be negligible due to the low shear modulus of 
composite materials. The assumptions of FSDT are the same as in that of the 
CLPT but for the third Kirchhoff's assumption, which states that, the transverse 
normal remains perpendicular to mid-plane. In FSDT, the transverse normal is no 
longer perpendicular to the mid-plane, thus introducing the transverse shear 
strain in the theory. The in-extensibility of transverse normal still keeps the w 
independent of the thickness co-ordinate. The displacement equations can be 
defined in the same way as in CLPT with minor changes. The equations are as 
follows [Chandrasekaran (2000)] 
  
 
   
  
     (2.8) 
The w displacement consists of two parts, the bending component wb and 
the shear component ws. Figure 2.8 shows the undeformed and deformed 
geometries of an edge of a plate under the assumption of the FSDT.  It can 
deduced from the figure that 
      
   (2.9) 
),,(),,(),,,( 0 tyxztyxutzyxu xφ+=
),,(),,(),,,( 0 tyxztyxvtzyxv yφ+=
),,(),,(),,,( tyxwtyxwtzyxw sb +=
xzx x
w
γφ +
∂
∂
−=
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The xzγ  component is taken to be  because this is the rotation due 
to which the transverse normal is no longer perpendicular to mid-plane. In the 
case of the CLPT, the w was made of only one component and it was the 
bending component and hence  the transverse shear was taken to be zero 
keeping the transverse normal perpendicular to the mid-plane.  But in FSDT, the 
w is made of two parts namely the bending component wb and the shear 
component ws respectively. The rotation of the transverse normal, leading it to be 
no longer perpendicular to the mid-plane, is the rotation of the shear component 
with respect to the x axis and can be represented as . From Figure 2.8, 
this component is deciphered as . Substituting the expression for  in 
Equation (2.9),  can be reduced to .  Similarly,  can be reduced to 
. Substituting these in the displacement Equation (2.8), we get the 
equations final displacement equations for FSDT as [Chandrasekaran (2000)] 
  
 
 
     
 (2.10) 
xws ∂∂ /
xzγ
xws ∂∂ /
xzγ xzγ
xφ xwb ∂∂ / yφ
yws ∂∂− /
),,(),,(),,,( 0 tyxx
wztyxutzyxu b
∂
∂
−=
),,(),,(),,,( 0 tyxy
w
ztyxvtzyxv b
∂
∂
−=
),,(),,(),,,( tyxwtyxwtzyxw sb +=
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Figure 2.6 Undeformed and deformed geometries of an edge of a plate 
under Kirchhoff’s assumption for FSDT [Reddy (1997)] 
2.5 Composite Beam Formulation [Chandrasekaran (2000)] 
Figure 2.7 shows an element of the undeformed beam of length  and in 
the deformed state with length 1dx . The axial and the transverse deflections are 
defined by u and w along the x and z axes, respectively. Two formulations using 
CLPT and using FSDT are considered in the present work for the composite 
beam.  
 
dx
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Figure 2.7 Undeformed and deformed beam segments [Chandrasekaran 
(2000)] 
2.5.1 Beam Formulation using Classical Laminate Plate Theory  
The reduction of the plate theory (CLPT) for the case of a beam can be 
addressed in two ways. The first method is by setting all the forces and moments 
other than Nx  and  to be zeros and the second method is by setting only the 
force and moment  and  to be zeros, which is more practical in its 
approach.  The following section deals with the formulation of the CLPT using the 
later approach.  The constitutive equations are represented in matrix form as  
xM
yN yM
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where the superscript )0(  represents the mid-plane strain terms while the  
represents the curvature terms. 
We also know that the variation in virtual strain energy is written 
δU = b (Nx δεx(0)
0
L
∫ +Mxδεx(1) + Nyδεy(0) +Myδεy(1) + Nxyδγ xy(0) +Mxyδγ xy(1) )dx
  
 (2.12) 
The strain components and the virtual strain components are obtained 
from displacement equations of CLPT, Equation (2.7) as 
  
  
  
  
  
  
)1(
)1()0(2
0 2
1
xxx zwzwu εεε +=ʹ′ʹ′−ʹ′+ʹ′=
)1()0(
0
2
2
1
yy
yyyy
y zzwwv εεε +=−+=
)1()0(
00 2 xyxy
yyy
xy zwzwwvu γγγ +=ʹ′−ʹ′+ʹ′+=
0=== xzyzz γγε
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wx ʹ′ʹ′−= δδε
)1(
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        (2.13) 
Where the  and  represent  and  respectively. The non-linear 
term in the strain  is neglected.  
The reduction of plate theory to beam theory formulation using CLPT is 
approached by forcing only the force and moment terms  and  to zero. 
Substituting this condition in the constitutive Eq. (2.11), and rearranging yields  
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(2.14) 
The four partitions of the matrix are represented as , , ,and 
 respectively as  
 
00
)0( δγδδγ == yxy u
y
xy wʹ′−= δδγ 2
)1(
()' y()
x∂
∂
y∂
∂
xyγ
yN yM
[ ]11S [ ]21S [ ]12S
[ ]22S
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        (2.15) 
The top part of the Eq. (2.15) yields 
  
 (2.16) 
where 	  
	   
   
Substituting Equation (2.12) in the virtual strain energy in Equation (2.13), we get 
δU = b (Nx δεx(0) +
0
L
∫ Nxyδγ xy(0) + Mxδεx(1) + Mxyδγ xy(1) )dx
 
 (2.17) 
Substituting the strain-displacement relations, Equation (2.13), into 
Equation (2.17), we get the expression for variation in virtual strain energy for 
beam theory using CLPT as 
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2.5.2 Beam Formulation using First Order Shear Deformation Theory  
The reduction of the first-order shear deformation composite laminate 
plate theory for beams is outlined in this section.  First the strain components are 
obtained from the displacement relations by appropriate partial differentiation 
[Equation (2.10)]; then the virtual strain components are found by taking 
variations of the strains. 
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         (2.19) 
where the  and  represent  and  respectively. The nonlinear term in 
the strain  is neglected. The constitutive equations for FSDT are made of two 
parts namely in-plane equations and inter-laminar equations. The in-plane 
equations are the same as in Equation (2.11). The inter-laminar equations are 
represented as follows: 
Qy
Qx
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#
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γ yz
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"
#
$
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        (2.20) 
The 2 x 2 matrix is the inter-laminar shear co-efficient matrix and the terms are 
given by  
A44 A45
A45 A55
!
"
#
#
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&
&
= (Qij )k tk
k=1
N
∑        (2.21) 
Reduction to beam case is realized for the FSDT by forcing the force, 
moment, and the shear resultants, ,  and  to zero.  The constitutive 
equations reduces to 
ʹ′
= sxz wδδγ
)0(
()' y()
x∂
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∂
xyγ
5,4, =ji
yN yM yQ
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       (2.22) 
The first equation of Equation (2.22) can be reduced to four matrices very similar 
to that in the beam formulation using CLPT and hence would be represented by 
the same symbol  and is given by the Equation (2.16).  The second equation 
is manipulated to eliminate  and write the equations in terms of . The 
second equation of Eq. (2.22) reduces to 
        
 (2.23) 
where  	  	  and K is the shear correction factor. 
Since the transverse shear strains are represented as a constant through 
the laminate thickness, it follows that the transverse shear stresses will also be 
constant.  It is well known from elementary theory of homogeneous beams that 
the transverse shear stress varies parabolically through the thickness of the 
beam.  In composite laminated beams and plates, the transverse shear stresses 
varies at least quadratically through the thickness of the layer.  This discrepancy 
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between the actual stress state and the constant stress state predicted by FSDT 
is often corrected in computing the transverse shear force resultants, i.e. the LHS 
of Equation (2.23) by multiplying the shear co-efficient matrix by a parameter K 
which is the shear correction co-efficient.  The factor K is computed such that the 
strain energy due to transverse shear stresses equals the strain energy due to 
the true transverse stresses predicted by three-dimensional elasticity theory and 
the value for a rectangular cross section is taken to be 5/6. 
The expression for variation in strain energy including the transverse 
shear terms is  
dxQQMNMNMNU yzyxzxxyxyxyxyyyyyxxxx )(
)0()0()1()0()1(
1
0
)0()1()0( δγδγδγδγδεδεδεδεδ +++++++= ∫
            
(2.24) 
Substituting Equation (2.22) and Equation (2.23) in the expression for strain 
energy variation in Equation (2.24), the expression for strain energy variation 
using FSDT is obtained as 
δU = (Nx δεx(0) + Mxδεx(1) + Nxyδγ xy(0) + Mxyδγ xy(1) + Qxδγ xz(0) )dx
0
1
∫      (2.25) 
2.6 Kinetic Energy Formulation for Composite Beams 
[Chandrasekaran (2000)] 
The formulation of variation in kinetic energy is outlined in this section.  
The virtual kinetic energy, , is given by Tδ
30 
 
       (2.26) 
where  is the mass density and	   	  represents partial derivative with respect to 
time. 
2.6.1 Kinetic Energy Formulation for Isotropic case 
The variation in kinetic energy is given by Equation (2.26).  Since we do 
not have a separate degree of freedom for , it is dropped from Equation (2.26) 
to yield 
        (2.27) 
When  is introduced into Hamilton's principle, we encounter the time integral 
        (2.28) 
Integrating the resultant equation by parts with respect to time and grouping all 
the time boundary terms together results in 
   
 (2.29) 
Discarding the boundary terms which do not contribute the inertia matrix 
and pulling out the virtual quantities out of the integral owing to their 
independence of time derivative, yields 
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    (2.30) 
Defining  keeping the beam width, b, as a constant, and reducing the 
volume integral yields the expression for variation in kinetic energy as 
         
(2.31) 
        (2.32) 
2.6.2 Kinetic Energy Formulation for Beam Theory using CLPT 
 
The variation in kinetic energy for beam theory formulation using CLPT is 
shown in Equation (2.26). The variation in kinetic energy can be written in terms 
of the mid-plane displacements from Equation (2.13) as 
   (2.33) 
Expanding the above equation gives 
   (2.34) 
Integrating the resultant equation by parts with respect to time and grouping 
all the time boundary terms together results in 
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           (2.35) 
Discarding the boundary terms which do not contribute to the inertia matrix 
and pulling out the virtual quantities out of the time integral owing to their 
independence of time derivative, yields 
 
(2.36) 
Splitting the volume integral into integrals over the thickness, length and 
width; treating the width as a constant, and writing the above equation in terms of ,	   	  and	    results in the equation for variation in kinetic energy for beams 
based on CLPT. 
    (2.37) 
where ,	   	  and	    are defined as 
 
 
[ ]dVwwwwzuwzwwzwuzuuT
V
yy∫∫∫ ++ʹ′−ʹ′ʹ′+ʹ′−=− δδδδδδρδ  202000
0I 1I 2I
dxwwIwwIuwIwwIwuIuuIbT yy )( 0201201
1
0
000 δδδδδδδ  ++ʹ′−ʹ′ʹ′+ʹ′−=− ∫
0I 1I 2I
∫
=
=
2/
2/
0
h
h
dzI ρ
∫
−
=
2/
2/
1
h
h
zdzI ρ
33 
 
           (2.38) 
2.6.3 Kinetic Energy Formulation for Beam Theory using FSDT 
The kinetic energy formulation for the beam theory using FSDT is derived 
using the same approach detailed above using CLPT.  The variation in the kinetic 
energy can be written in terms of the mid-plane displacements from Equation 
(2.14) as 
 
            (2.39) 
Expanding the terms inside the integral yields 
     (2.40) 
Eliminating the crossed-out terms reduces the problem to one-dimensional 
nature. Integrating the resultant equation by parts with respect to time and 
grouping all the time boundary terms together results in 
  
(2.41) 
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Discarding the boundary terms which do not contribute to the inertia matrix and 
pulling out the virtual quantities out of the time integral owing to their 
independence of time derivative, yields 
  
(2.42) 
Splitting the integral into two single integrals over the thickness and length, 
treating the width as a constant, and writing the above equation in terms of ,	   	  
and	    results in  
   (2.43) 
where ,	   	  and	    have been defined in Equation (2.38). 
2.7 Hygrothermal Analysis 
Moisture and temperature are our primary areas of focus in this study; 
after a prolonged exposure to a hygrothermal environment, the materials 
properties are degraded and residual stresses are introduced. The coefficient of 
thermal expansion is usually higher for the matrix. The matrix absorbs moisture 
readily whereas fibers are hardly affected by a wet environment. This absorption 
is accelerated with increasing temperature. With increasing temperature or 
humidity level (or both), the matrix expands; with lower temperature or humidity 
level, the matrix contracts. A comparable phenomenon takes place at the 
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laminate level due to the anisotropic nature of the laminate coefficient of thermal 
expansion and coefficient of hygroscopic expansion. The load carrying capacity 
of a polymer matrix composite is reduced due to such residual stresses.  
A hygrothermal environment degrades both the stiffness and strength 
values of the matrix of the lamina while the fiber is not affected. Chamis (1983), 
gives the relationship between wet and dry resin mechanical properties of a 
matrix as  
        (2.44) 
      (2.45) 
where   is the temperature of measurement of the property 
 is the dry temperature 
 is property to be measured 
 is the Hygrothermal Mechanical 
 and  are the glass transition temperature of dry resin and 
wet resin 
 is the moisture content (by weight percent, ) 
2.7.1 Rule of Mixtures and Inverse Rule of Mixtures 
Elastic constants of a composite ply can be calculated by the rule of 
mixtures and the inverse rule of mixtures [Barbero (1999)]. These formulas are 
outlined below 
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         (2.46) 
         (2.47) 
        (2.48) 
        (2.49) 
        (2.50) 
where  = the longitudinal modulus of elasticity 
 = the transverse modulus of elasticity 
 and = the modulus of elasticity of fiber and matrix, respectively 
 and  = the volume fraction of fiber and matrix, respectively 
 
= the longitudinal shear modulus 
 and  = the In-plane shear modulus of fiber and matrix, respectively 
  
is the major In-plane Poisson’s ratio 
 
and  are Poisson’s ratio of fiber and matrix, respectively 
  
is the density of the composite ply 
 
and  are the densities of fiber and matrix, respectively 
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2.7.2 Halpin-Tsai Formula 
 Another way of calculating the elastic constant, , is by a semi-empirical 
formula called Halpin-Tsai formula. This gives a better prediction and is as 
follows. [Barbero (1999)] 
        (2.51) 
        (2.52) 
where 2=ζ 	  for circular and square fibers	   
2.7.3 Periodic Microstructure Model (PMM) 
 The inverse rule of mixtures gives a simple and not as accurate of a 
prediction for the in-plane shear modulus, G12; an improved prediction is realized 
by employing the periodic microstructure model [Barbero (1999)]: 
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2.8 Failure Analysis 
 Since this study focuses on both the hygrothermal and the stress analysis 
for a composite beam, the theory that is used for prediction of failure is the 
maximum normal stress criterion. [Babero (1999)]. This theory predicts failure of 
a layer when at least one of the stresses exceeds the corresponding value of 
strength; that is, failure occurs if any of the stresses in material co-ordinates 
exceeds the corresponding ultimate values of strength:  
  	   	   when    
  	   	   when    
  	   	   when    
  	  	   when    
   
    
         (2.55) 
where F1t  = Tensile strength in longitudinal fiber direction 
F1c = Compressive strength in longitudinal fiber direction 
F2t = Tensile strength in transverse fiber direction 
F2c = Compressive strength in transverse fiber direction 
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F4 = Interlaminar shear strength 
F5 = Interlaminar shear strength 
F6 = Inplane shear strength 
 The compressive strength values are taken as positive numbers. The 
factor of safety, n , is calculated as  
allowable
ultimate
σ
σ
SafetyOfFactor =       (2.56) 
 The various factors of safety, ni , are 
n1t =
F1t
σ1 (max + ve)
        
n1c =
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n2t =
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σ 2 (max + ve)
        (2.57) 
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CHAPTER 3 
FINITE ELEMENT FORMULATION 
3.1 Introduction 
The numerical modeling of the moving load problem is carried out with the 
aid of a higher-order finite element method. Steps are outlined for determining 
not only the traditional output of the displacement field in moving beam 
formulations but also the stress fields. 
3.2 Finite Element Methods  
Three types of finite element methods are found in the literature, namely, 
h-, p- and h-p versions. In the h- version on the accuracy of the results is 
improved by increasing the number of elements that are used to discretize the 
domain. The route for better accuracy in the p- version is by increasing the order 
of the shape function utilized for discretization; this means the introduction of 
internal nodes in the element. The h-p version is a combination of the two 
wherein both the number of elements in the model and the number of internal 
nodes are increased in a judicious way. In this research, the h-p version is 
employed. The shape functions are derived using Lagrange and Hermite 
polynomials depending on the type of the problem variable. In the past, Sreeram 
and Sivaneri (1997) have conducted a convergence study and concluded that a 
beam element with three internal nodes is sufficient for the dynamic analysis of 
beams. Taking their conclusions into consideration, in the present finite element 
41 
 
model, beam elements with three internal nodes will be employed. Lagrangian 
interpolation functions are used where a C0 continuity is required and Hermitian 
interpolation functions are used where a C1 continuity, i.e., slope continuity is 
required at element junctions.  Figure 3.1 shows the basic finite element that is 
used for the isotropic beam model employed for verification of results.  An 
exploded view of a single element of the beam along with the end and internal 
nodes and the co-ordinates attached to the element are shown. 
 
 
Figure 3.1 Typical finite element with three internal nodes and two end 
nodes  
The local co-ordinate  is fixed to the left end of the element and ranges 
from 0 to le, where le is the length of the element. The non-dimensional co-
ordinate  is fixed to the midpoint of the element, i.e., at node 3 and it ranges 
ex
ξ
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from -1 to +1.  The co-ordinate transformation between the two co-ordinates is 
given by: 
 
           (3.1) 
The distribution  for the transverse degrees of freedom is assumed as 
           (3.2) 
The distribution  for the axial degrees of freedom is expressed as 
            (3.3) 
where ai and bj are generalized co-ordinates that are to be determined.  In 
general, these equations can be written in matrix notations as 
        (3.4a) 
        (3.4b) 
To solve for ai and bj, seven and five equations are needed respectively.  
To solve for the ai, the transverse degree of freedom and its slope, i.e. w and w’ 
at the end nodes yields 
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           (3.5)
 
The remaining three equations are obtained from the transverse deflection 
degrees of freedom at the internal nodes as shown below 
 
           (3.6) 
 
Solving the above seven equations for ai and substituting in Equation (3.4a) 
yields 
            (3.7) 
where , , etc., are shape functions called Hermite polynomials and 
are derived from a seventh order polynomial as 
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       (3.8) 
In a similar manner, the bj, for the axial degrees of freedom are also solved from 
the following equations:  
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         (3.10) 
Solving the above five equations for bj and substituting in Equation (3.4b) yields 
      (3.11) 
where , , etc., are shape functions called Lagrange polynomials 
and are derived from a fifth order polynomial as 
 
 
 
 
     (3.12) 
 
3.3 Element Stiffness Matrix Formulation [Chandrasekaran 
(2000)] 
The element stiffness matrices for variation in virtual strain energy are 
formulated from the expressions derived in Section 2.5.  For the various theories 
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used in this research, this section elaborates the systematic procedure for 
deriving the element stiffness matrix. 
3.3.1 Stiffness Matrix Formulation for Isotropic beam 
For any element, the stiffness matrix can be obtained by applying variational 
approach to the total strain energy equation.  The variation in strain energy for 
the isotropic beam is given earlier in Chapter 2, namely Equation (2.5a).  It is 
also known that 
 
 
        (3.13) 
 
where 
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     (3.14) 
Substituting the above equations in δU expression for the isotropic beam in 
Equation (2.5a), we get the  matrix 
         (3.15) 
where the  is partitioned into two parts namely  and  with the off 
diagonal terms of the above matrix as zeroes.  The dimensions of the matrices 
are 5×5 and 7×7, respectively and are given by: 
 
     (3.16) 
where and represent the first and the second partial derivatives with 
respect to x. 
3.3.2 Element Stiffness Matrix Formulation for Beam using CLPT 
The following figure, Figure 3.2, shows the element definition for the beam 
based on CLPT. The stiffness matrix for a beam theory can be formulated from 
the variation in strain energy expression. The independent variables in this 
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formulation are u, γ, w and  wy where the superscript y represents partial 
differential of w with respect to y. The C0 continuity is assumed for u, γ and wy 
while C1 continuity is taken for w. 
 
 
Figure 3.2  Element definition for CLPT 
The stiffness matrix for this case is partitioned into sixteen sub matrices.  
The partitions are denoted as , , , , , , , ,
,  with dimensions of 5×5, 5×5, 5×7, 5×5, 5×5, 5×7, 5×5, 7×7, 7×5 and 
5×5 respectively. The symmetric parts of the stiffness matrix are the transpose of 
their counterparts. By substituting variation in the strain-displacement relationship 
from Equation (2.13) in the expression for variation in strain energy given by 
Equation (2.18), the expressions for the different partitions of the stiffness matrix 
are obtained and are represented as 
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where the Sij are obtained from the  matrix defined in Equation (2.16a). The 
inertial force Nx can be written in terms of the axial acceleration of the beam. The 
following equation shows the way in which the  matrix is partitioned. 
      (3.18) 
3.3.3 Element Stiffness Matrix Formulation for Beam using FSDT 
The following figure, Figure 3.3, shows the element definition for FSDT.  
The stiffness matrix for FSDT is formulated from the variational strain energy 
expression derived in the energy formulation section of FSDT, Equation (2.25).  
In the FSDT formulation, as discussed earlier, the transverse shear is also 
considered.  Hence the number of independent variables is more than that in the 
beam theory formulation using CLPT.  The independent variables are identified 
to be u, γ, wb, ws and wby.  The C0 continuity is taken for wb and ws while C
1
 
continuity is assumed for u, γ, wby.  
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Figure 3.3 Element definition for FSDT 
The stiffness matrix here is partitioned into twenty-five matrices that are 
symmetric about the main diagonal. The partitioned matrices are named ,
, , , , , , , , , , , , ,
, , , , , , , , , ,
 
with 
dimensions 5×5, 5×5, 5×7, 5×7, 5×5, 5×5, 5×5, 5×7, 5×7, 5×5, 5×5, 5×5, 5×7, 
5×7, 5×5, 5×5, 5×5, 5×7, 5×7, 5×5, 5×5, 5×5, 5×7, 5×7, 5×5 respectively. The 
arrangement of the different elements of the partitioned  matrix is:  
    (3.19) 
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$ kwsu!" #$ kwsγ!" #$ kwswb!" #$ kwsws!" #$ kwswby
!
"
#
$ kwbyu
!
"
#
$ kwbyγ
!
"
#
$ kwbywb
!
"
#
$ kwbyws
!
"
#
$ kwbywby
!
"
#
$
[ ]k
k[ ] =
kuu[ ] kuγ!" #$ kuwb!" #$ kuws!" #$ kuwby
!
"
#
$
kγγ!" #$ kγwb!" #$ kγws!" #$ kγwby
!
"
#
$
kwbwb!" #$ kwbws!" #$ kwbwby
!
"
#
$
Symm kwsws!" #$ kwswby
!
"
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kwbywby
!
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from Equation (2.19) in the expression for variation in strain energy given by 
Equation (2.25) the expressions for the different partitions of the stiffness matrix 
are obtained and are represented as  
 
 
 
 
 
 
 
 
 
kuu[ ] = b S11
0
le
∫ HL"{ } HL"#$# %&%dxe
kuγ!" #$= b S12
0
le
∫ HL&{ } HL'" ($dxe
kuwb!" #$= −b S13
0
le
∫ HL'{ } ''H(" )$dxe
kuws!" #$= 0[ ]
kuwby
!
"
#
$= −2b S14
0
le
∫ HL'{ } HL'("( )$)dxe
kγγ!" #$= b S22
0
le
∫ HL{ } HL&" '$dxe
kγwb!" #$= −b S23
0
le
∫ HL{ } ''H(" )$dxe
k
γws
!
"
#
$= 0[ ]
k
γwby
!
"
#
$= −2b S24
0
le
∫ HL{ } HL'("(
)
$)dxe
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      (3.20) 
3.4 Incremental Stiffness Matrix Formulation [Chandrasekaran 
(2000)] 
The time dependent part of the stiffness matrix is denoted as the 
incremental stiffness matrix.  The incremental stiffness matrix comes into the 
equation through the load Nx that is represented as the axial inertial force .  
The axial force acting on the beam, which results in its axial motion, is due 
to the rigid-body acceleration imparted to the beam. The acceleration of the 
beam is obtained by differentiating Equation (2.3) twice with respect to time. The 
incremental stiffness matrix is obtained from the strain energy due to axial forces 
corresponding to the an element and can be written as 
kwbwb!" #$= b (S33
0
le
∫ &&H{ } &&H'" ($+ b Nx
0
le
∫ &H{ } &H'" ($)dxe
kwbws!" #$= 0[ ]
kwbwby
!
"
#
$= 2b S34
0
le
∫ &&H{ } HL&'"'
(
$(dxe
kwsww!" #$= b Nx
0
le
∫ &H{ } &H'" ($dxe + b A* &H{ }
0
le
∫ &H'" ($dxe
kwswby
!
"
#
$= 0[ ]
kwbywby
!
"
#
$= 4b S44
0
le
∫ HL&{ } HL&'"' ($(dxe
( )xFb.
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        (3.21) 
Substituting the force in terms of the acceleration of the beam and mass per unit 
length and then taking the variation yields 
      (3.22) 
Writing the above equation in terms of the shape functions yields 
     (3.23) 
where  and are the vectors of transverse displacements and their 
variation. The incremental stiffness matrix can be written from Equation (3.24) as  
      (3.24) 
The incremental stiffness matrix can be written in non-dimensional co-
ordinates, as 
   (3.25) 
Ufe =
1
2 Fx0
le
∫ "w 2dx
δUfe = −aBL γ L − x( )
0
le
∫ #wδ #w dx
δUfe = −aBL γ L − x( )
0
le
∫ δqt#$ %& 'H{ } 'H#$ %& q{ }dx
qt{ } δqt{ }
ki[ ] = −aBL γ L − x( )
0
le
∫ #H{ } #H$% &'dxe
ki[ ]
ki[ ] =
−2aBL
le
γ
−1
1
∫ L − xb +
le
2 1+ξ( )
#
$%
&
'(
)
*
+
,
-
.
H ξ( ){ } H ξ( )#$ &'dξ
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3.5 Element Inertia Matrix Formulation  [Chandrasekaran 
(2000)] 
The element inertia matrix formulation is discussed in this section. The 
element inertia matrix is formulated from the variation in total kinetic energy 
defined earlier in Chapter 2. 
3.5.1 Element Inertia Matrix Formulation for Isotropic case 
The variation in kinetic energy for isotropic case is given by Equation 
(2.36).  The element inertia matrix for an element is obtained by using Lagrange 
interpolation function HL with C0 continuity for discretizing u and Hermitian 
interpolation function H with C1 continuity for w.  Substituting the interpolation 
functions into Equation (2.31) yields 
        (3.26) 
Where 
       (3.27) 
The individual partitions of  are given by 
 
−δT = δq"# $% m[ ] q{ }
m[ ] =
muu[ ] 0[ ]
0[ ] mww[ ]
!
"
#
#
#
$
%
&
&
&
m[ ]
muu[ ] = b I0 HL{ }
0
le
∫ HL"# $%dxe
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       (3.28) 
3.5.2 Element Inertia Matrix Formulation for Beam using CLPT  
The variation in kinetic energy for beam based on CLPT is given by 
Equation (2.36). The element inertia matrix is obtained using Lagrangian 
interpolation function HL with C0 continuity for discretizing u0, γ and wy and 
Hermitian interpolation function H with C1 continuity for w.  Substituting the 
interpolation functions in Equation (2.36), further yields 
        (3.29) 
where 
      (3.30) 
And the individual elements of the matrix are given by 
 
 
 
mww[ ] = b I0
0
le
∫ H{ } H"# $%dxe
−δT = δq"# $% m[ ] q{ }
m[ ] =
muu[ ] muγ!" #$ muw[ ] muwy!" #$
mγγ!" #$ mγw!" #$ mγwy!" #$
Symm mww[ ] mwwy!" #$
mwywy!" #$
!
"
%
%
%
%
%
%
%
#
$
&
&
&
&
&
&
&
m[ ]
muu[ ] = b I0 HL{ }
0
le
∫ HL[ ]dxe
muw[ ] = −b I1 HL{ }
0
le
∫ #H[ ]dxe
mwu[ ] = muw[ ]
T
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       (3.31) 
 
 
3.5.3 Element Inertia Matrix Formulation for FSDT 
The variation in kinetic energy for beam using FSDT is given by Equation 
(2.47).  The element inertia matrix is obtained by using Lagrangian interpolation 
function HL with C0 continuity for discretizing u0, γ, and wby and Hermitian 
interpolation function H with C1 continuity for wb and ws. Substituting the 
interpolation functions in Equation (2.47), further yields 
        (3.32) 
    (3.33) 
Where  is the element inertia matrix and its components are given by 
mww[ ] = b (I0 H{ }
0
le
∫ H[ ]+ I2 "H{ } HL#$ %&)dxe
mwywy!" #$= b I2 HL{ }
0
le
∫ HL[ ]dxe
muγ!" #$= mγγ!" #$= mγw!" #$= mγwy!" #$= mwwy!" #$= muwy!" #$= 0
−δT = δq"# $% m[ ] q{ }
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!
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$
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!
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       (3.34) 
 =  =  =  =  = 0 
 =  =  =  = 0 
3.6 Ply Stresses for a Composite Beam 
 This section shows the formulation for finding the ply stresses of a 
composite laminate at a given cross section of the beam. Since we focus on 
CLPT and FSDT, the following discusses the two theories. 
muu[ ] = b I0
0
le
∫ HL{ } HL"# $%dxe
muwb!" #$= −b I1
0
le
∫ HL{ } 'H(" )$dxe
mwbwb!" #$= b I2
0
le
∫ &H{ } &H'" ($+ I0 H{ } H'" ($dxe
mwbws!" #$= b I0
0
le
∫ H{ } H&" '$dxe
mwsws!" #$= b I0
0
le
∫ H{ } H&" '$dxe
mwbywby
!
"
#
$= b I2
0
le
∫ H{ } H&" '$dxe
muγ!" #$ muws!" #$ muwby
!
"
#
$ mγγ!" #$ mγwb!" #$
mγws!" #$ mγwby
!
"
#
$ mwbwby
!
"
#
$ mwswby
!
"
#
$
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3.6.1 Formulation using CLPT 
The strain components and the virtual strain components are obtained 
from displacement equations of CLPT as 
)1()0(
xxx zεεε +=   
)1()0(
yyy zεεε +=
       
(3.35) 
)1()0(
xyxyxy zγγγ +=  
The following steps outline the way to find the ply stresses at x = d along the 
length of the beam where x is the distance from the left-end of the beam to the 
point of interest.  First, locate the element corresponding to x = d and then fine 
the following values for that element 
[ ][ ]TLL uudHdHdu 51510 .)()()( …… ʹ′ʹ′=ʹ′  
[ ][ ]TwwdHdHdw 5171 .)()()( ʹ′ʹ′ʹ′=ʹ′ ……  
[ ][ ]TwwdHdHdw 5171 .)()()( ʹ′ʹ′ʹ′ʹ′ʹ′=ʹ′ʹ′ …… 	   	   	   (3.36)	    
[ ][ ]TLL dHdHd 5010510 .)()()( γγγ ……=  
[ ][ ]Tyyy wwdHdHdw 5171 .)()()( …… ʹ′ʹ′=ʹ′  
Then the strains and curvatures are:  
  εx
(0) = !u0 (d)+
1
2 !w (d)[ ]
2  
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δεx
(1) = −δ ""w  
δγ xy
(0) = δγ0  
δγ xy
(1) = −2δ "w y         
[ ] [ ] [ ][ ][ ])()()()( )1()1()0()0(21122)1()0( ddddSS xyxxyxTyy γεγεεε −−=   (3.37) 
The ply strains at the top of the kth ply, εx εy γ xy
!
"#
$
%&kt
,are found by Equation 
(3.35) and stresses at the top of the kth  ply are found as: 
[ ] [ ] [ ]T
ktxyyxk
T
ktxyyx
Q γεετσσ =
 
[ ] [ ] [ ]T
ktxyyx
T
kt T τσσσσσ σ=621
    
(3.38)
 
Similarly to Equation (3.38), the ply strains and stresses could be found for 
the bottom of the kth ply.  
3.6.2 Formulation using FSDT 
The strain components and the virtual strain components are obtained 
from displacement equations of FSDT as 
)1()0(
xxx zεεε +=   
)1()0(
yyy zεεε +=
       
(3.39) 
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)1()0(
xyxyxy zγγγ +=  
The following steps outline the steps to determine the ply stresses at x = d along 
the length of the beam where x is the distance from the left-end of the beam to 
the point of interest. 
First locate the element corresponding to x = d and then find the following values 
for that element 
[ ][ ]TLL uudHdHdu 51510 .)()()( …… ʹ′ʹ′=ʹ′  
[ ][ ]Tbbb wwdHdHdw 5171 .)()()( ʹ′ʹ′ʹ′=ʹ′ …… 	  
[ ][ ]Tsss wwdHdHdw 5171 .)()()( ʹ′ʹ′ʹ′=ʹ′ ……  
[ ][ ]Tbbb wwdHdHdw 5171 .)()()( ʹ′ʹ′ʹ′ʹ′ʹ′=ʹ′ʹ′ …… 	   	   	    
[ ][ ]TLL dHdHd 5010510 .)()()( γγγ ……=  
[ ] [ ][ ]Tyyyb wwdHdHdw 5171 .)()()( …… ʹ′ʹ′=
ʹ′ 	   	   	   	  (3.40) 
The strains and curvatures are:  
εx
(0)(d) = !u0 (d)+
1
2 !wb(d)[ ]
2
+
1
2 !ws (d)[ ]
2  
εx
(1)(d) = − ""wb(d)  
γ xy
(0)(d) = γ0 (d)  
γ xy
(1)(d) = −2wby"(d)  
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γ xz
(1)(d) = −ws"(d)  
γ yz
(0)(d) = − A45A44
ws"(d)  
[ ] [ ] [ ][ ][ ])()()()( )1()1()0()0(21122)1()0( ddddSS xyxxyxTyy γεγεεε −−=  (3.41) 
The ply strains at the top of the kth ply, εx εy γ xy
!
"#
$
%&kt
, are found by 
Equation (3.39) and stresses at the top of the kth ply are found as given in 
Equation (3.42) below 
σ x σ y τ xy
!
"#
$
%&kt
T
= Q!" $%k εx εy γ xy
!
"#
$
%&kt
T
 
σ1 σ 2 σ 6
!
"
#
$kt
T
= Tσ[ ] σ x σ y τ xy!"%
#
$&kt
T
                
(3.42)
 
Similarly, the ply strains and stresses can be found for the bottom of the 
kth  ply. The transverse shear stresses, [ ]xzyz ττ , could also be found by:  
τ yz τ xz
!
"#
$
%&
T
=
Q44* Q45*
Q45* Q55*
!
"
#
#
$
%
&
&
γ yz γ xz
!
"#
$
%&       
(3.43)
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CHAPTER 4 
NUMERICAL IMPLEMENTATION 
4.1 Introduction  
The finite element formulation of a moving load problem has been 
presented in the previous chapter. The Gauss quadrature technique for 
numerical integration in the space domain is enunciated in this chapter.  Dividing 
the beam into finite elements results in the spatial discretization of the space-time 
governing equations. In this chapter, the solution procedure in the time domain is 
presented. A computer program in MATLAB is written based on an implicit 
scheme to solve the second-order differential equations in the time domain.   
4.2 Numerical Integration in Space Domain 
The computation of element inertial and stiffness matrices may be carried 
out by numerical integration in the space domain The Gauss quadrature scheme 
is a commonly used one in finite element codes. This scheme needs n unequally-
spaced sampling points to integrate a polynomial of order (2n-1) exactly. The 
highest order of polynomial representing the shape functions is seven. 
Considering a uniform beam, the highest order polynomial of 14 occurs in the 
inertia matrix. Thus, a seven-point Gauss-quadrature scheme is adopted in the 
present research. The sampling points and their respective weights for a seven-
point integration scheme are shown in Table 4.1. The Gauss integration scheme 
is  
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)()(
1
1
1
j
n
j
j afwdxxf ∑∫
=−
=          (4.1) 
where n is the number of sampling points, aj is the x co-ordinate of a sampling 
point and wj is the corresponding weight. 
Table 4.1 Sampling points and weights for seven-point Gauss quadrature 
integration scheme 
Sampling Points Weights 
±0.9491079123 0.1294849661 
±0.7415311855 0.2797053914 
±0.4058451513 0.3813005051 
0.0000000000 0.4179591836 
The numerical integration of the stiffness and the inertia matrices are done 
by changing the limits from (0,le) to (-1,1) by non-dimensionalizing the 
independent variable. 
4.3 Newmark’s Time Integration Scheme 
Newmark’s method, based on an implicit technique has been a popular 
method for integrating the equations of motion in the time domain. The steps 
involved in Newmark’s method are [Bathe and Wilson (1976)]: 
[ ( ) ] tqqqq tttttt Δ+−+= Δ+Δ+  δδ1       
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2
2
1 tqqtqqq ttttttt Δ⎥
⎦
⎤
⎢
⎣
⎡
+⎟
⎠
⎞
⎜
⎝
⎛ −+Δ+= Δ+Δ+  αα        (4.2) 
where α and δ are Figure 4.1 is a representation of Newmark’s scheme. 
 
Figure 4.1 Newmark’s Scheme [Chandrasekaran (2000)] 
4.4 Boundary Conditions [Chandrasekaran (2000)] 
The displacement boundary conditions corresponding to the three 
common support types of hinged, roller, and fixed for both the CLPT and FSDT 
cases are listed in this section. 
4.4.1 Boundary Conditions for CLPT  
In the CLPT case, the degrees of freedom at a node are u, γ, wby and w, of 
which, w has slope continuity at the end nodes of each element.  The boundary 
conditions are: 
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Hinged support:  0=== ywwu  
Roller support:  0== yww  
Fixed support:  0=ʹ′=== wwwu y  
4.4.2 Boundary conditions for FSDT 
In the FSDT, the degrees of freedom at a node are u, γ, wb, ws and wby of 
which, bw and sw  have slope continuity at the end nodes of each element.  The 
boundary conditions are: 
  Hinged support:  0==== ybsb wwwu  
  Roller support:  0=== ybsb www  
  Fixed support:  0'' ====== ybsbsb wwwwwu  
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CHAPTER 5 
VERIFICATION OF RESULTS 
5.1 Introduction 
A computer code is setup in MATLAB to solve the finite element equations 
of Chapter 3 utilizing the numerical techniques outlined in Chapter 4.The results, 
in the form of deflections and stresses, provided in this chapter deal with the 
verification of the formulation, including the numerical adaptations. This chapter 
is basically divided into two major parts; the first deals with deformations of 
composite beams under dry and under hygrothermal conditions while the second 
with the stresses under dry conditions. 
The deformations part is further divided into two subparts. First one deals with 
dynamic magnification factors of the deflection of isotropic and laminated 
composite beams under moving load. The second subpart deals with beams, 
simply-supported (pinned-pinned) and fixed-fixed (clamped-clamped), under a 
hygrothermal environment with a comparison under dry conditions. 
The stresses part deals with cross-sectional stresses of laminated composite 
beams under static and moving loads along the beam.  
5.2 Isotropic Beam Subjected to a Moving Load 
 The verification of the problem of an isotropic simply-supported beam 
under moving load is done by obtaining the dynamic magnification factor.  The 
dynamic magnification factor is the ratio of the maximum deflection at the mid-
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span of the beam due to a moving load to the static deflection at the mid-span of 
the beam.  
The geometric and material properties of the model are the same as that 
used by Kadivar and Mohebpur (1998) as shown in Table 5.1 
Table 5.1 Dimensions and material properties of isotropic beam 
Length, L 0.1018 m 
Width, b 0.00635 m 
Thickness, h 0.00635 m 
Density, ρ 10686.9 kg/m3 
Modulus of Elasticity, E 206.84 GPa 
Poisson’s ratio, ν 0.25 
The applied load is in the form of a point load, P = -4.45 N. This load is 
applied at mid-span of the simply-supported isotropic beam in the static 
consideration while in the moving load case (Figure 2.1), it is initially at the left 
end of the beam and moves toward the right end of the simply-supported beam 
at specified velocities.  
5.2.1 Static Load on Simply-Supported Beam 
 The static deflection due to a mid-span point load on a simply-supported 
beam is
  
 
            (5.1) 
EI
PL
s 48
3
=δ
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The beam is divided into five higher-order elements (Figure 3.1), with each 
element consisting of 5 nodes and 12 degrees of freedom. As seen in Table 5.2, 
the results from the present higher-order beam element model agree well with 
the theoretical result. 
Table 5.2 Mid-span static deflection of simply-supported beam 
Theoretical Result Present study 
-3.4694 x 10-6 m -3.4711 x 10-6 m 
5.2.2 Moving Load on Simply-Supported Isotropic Beam 
 As in the static case, the simply-supported beam is divided into 5 higher-
order elements; there are a total of 21 nodes since each element contains 5 
nodes.  The moving-load problem is simulated as a dynamic analysis with 20 
time steps for the load to travel from the left end to the right end; that is, the load 
moves from one node to the next after each time step. Let V be the velocity of 
the moving load and T the corresponding time taken for the load to travel from 
one end of the beam to the other. If the fundamental time period of the beam is 
represented by Tf, then Vf is the velocity required for the load to have a travel 
time of Tf. The velocity V is taken as some factor times T. The velocity ratio 
and are related as  
            (5.2) 
fVV
TTf
T
T
V
L
L
V
V
V f
ff
=×=
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The velocity ratio is used to calculate the time-step, Δt, which is the time 
for the load to move from one node to the next. By conducting a modal analysis, 
the fundamental period is obtained as Tf = 8.1488 × 10-4 s. Table 5.3 lists the 
different velocity ratios and the corresponding velocities, times, and time steps 
that are used to verify the dynamic magnification factors with previous authors. 
The value of the moving load is P = -4.45 N as in the static case. 
Table 5.3 Moving load velocities and time steps for isotropic beam 
Tf / T Velocity (m/s) 
Isotropic Beam 
T (s) Δt (s) 
0.125 15.60 6.5128 x 10-3 3.2564 x 10-4 
0.25 31.20 3.2564 x 10-3 1.6282 x 10-4 
0.5 62.40 1.6282 x 10-3 0.8141 x 10-4 
1 124.80 0.8141 x 10-3 0.4071 x 10-4 
2 250.00 0.4064 x 10-3 0.2032 x 10-4 
Newmark’s integration scheme is used to find the dynamic deflections at 
the nodes at each time step. The mid-span dynamic deflections from the present 
study are compared with that of Kavipurapu (2005) in Table 5.4. There are slight 
differences between the two sets of results and this is attributed to the fact that 
the present analysis is based on a higher-order element (and thus expected to be 
more accurate) while Kavipurapu used simple 2-noded elements. 
 
 
 
71 
 
Table 5.4 Comparison of mid-span dynamic deflections various velocities 
Velocity 
(m/s) Δt (s) 
Maximum mid-span dynamic deflections (m) 
Present study Kavipurapu (2005) 
15.60 3.2564 x 10-4 -3.6506 x 10-6 -3.6120 x 10-6 
31.20 1.6282 x 10-4 -3.9523 x 10-6 -3.7617 x 10-6 
62.40 0.8141 x 10-4 -4.4028 x 10-6 -4.4247 x 10-6 
124.80 0.4071 x 10-4 -5.8749 x 10-6 -7.4702 x 10-6 
250.00 0.2032 x 10-4 -5.3307 x 10-6 -5.2172 x 10-6 
The dynamic magnification factors are compared with several previous 
authors in Table 5.4. The present results are in very good agreement with the 
references. 
Table 5.5 Dynamic magnification factor comparison at various time steps 
for an isotropic beam  
Velocity 
(m/s) Δt (s) 
Dynamic magnification factor 
Present 
study 
Kavipurapu 
(2005) 
Taheri 
(1987) Yoshida Exact 
15.6 3.2564x10-4 1.052 1.042 1.042 1.055 1.045 
31.2 1.6282x10-4 1.139 1.083 1.082 1.112 1.108 
62.4 0.8141x10-4 1.268 1.266 1.266 1.252 1.250 
124.8 0.4071x10-4 1.693 1.662 1.662 1.700 1.707 
250 0.2032x10-4 1.536 1.518 1.518 1.54 1.55 
 The dynamic magnification factor as a function of the velocity ratio is 
plotted in Fig. 5.1; the results from Kavipurapu (2005) are also shown in this 
figure for comparison and the agreement between the two plots is very good. It 
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can be seen from Figure 5.1 that the dynamic magnification factor increases with 
increasing velocity up to a certain velocity, and then decreases; the increasing 
segment is called the undercritical region while the decreasing segment 
overcritical region.  
 
 
 
 
 
 
 
 
 
 
 
 
 
73 
 
Fi
gu
re
 5
.1
 D
yn
am
ic
 m
ag
ni
fic
at
io
n 
fa
ct
or
s 
co
m
pa
ris
on
 a
t 
va
rio
us
 ti
m
e-
st
ep
s 
fo
r a
n 
is
ot
ro
pi
c 
be
am
 
 
 
 
 
 
0
0.
5
1
1.
5
2
2.
5
0
0.
2
0.
4
0.
6
0.
81
1.
2
1.
4
1.
6
1.
82
Ve
loc
ity
 R
at
io
Dynamic Magnification Factor
 
 
Pr
es
en
t S
tu
dy
Ka
vip
ur
ap
u 
(2
00
5)
74 
 
The dynamic deflections at each time step are listed in Tables 5.6 – 5.10 
for moving load velocities of 15.60m/s, 31.20m/s, 62.40m/s, 124.80m/s, and for 
250.00m/s, respectively. The corresponding plots are shown in Figures 5.2 - 5.6. 
It can be seen that in the first three cases the maximum mid-span deflection as a 
function of time precedes the arrival of the load at this location while it is just the 
opposite at the higher speeds. Further the curves become smoother as the 
moving-load velocity increases. For the first four velocity cases, the dynamic 
deflections as a function of time show a u-shaped curve implying the magnitude 
increases and then decreases as the moving load passes the mid-span; but in 
the highest velocity case (250 m/s), due to the high speed, the deflection has not 
had sufficient time to go into the decreasing phase of the magnitude of the 
deflection.  As a comparison, these graphs include is the equivalent plots taken 
from Kavipurapu (2005), and the agreement from the two sets is very good. The 
graphs from Kavipurapu (2005) study are read through a program called 
DigitizeIt. To make sure, DigitizeIt works properly, the present time varying plot at 
V = 15.60 m/s is read through the program (Table 5.6) and plotted against the 
present results (Figure 5.2); it is concluded that DigitizeIt reads the plots very 
accurately.  It can also be noted that for V = 124.80m/s (Figure 5.5), there is no 
comparison with that of Kavipurapu, since he has not provided results. 
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Table 5.6 Mid-span deflections at the end of each time-step for                     
V = 15.60 m/s 
Time at the end of each load-step (s) 
Mid-span dynamic deflection (m) 
Present DigitizeIt 
0 0 0 
3.2564 x 10-4 -3.1135 x 10-7 -3.1135 x 10-7 
6.5128 x 10-4 -1.1252 x 10-6 -1.1253 x 10-6 
9.7692 x 10-4 -1.6896 x 10-6 -1.6896 x 10-6 
1.3026 x 10-3 -1.8101 x 10-6 -1.8101 x 10-6 
1.6828 x 10-3 -2.3044 x 10-6 -2.3046 x 10-6 
1.9538 x 10-3 -2.9696 x 10-6 -2.9697 x 10-6 
2.2795 x 10-3 -3.0606 x 10-6 -3.0607 x 10-6 
2.6051 x 10-3 -3.0794 x 10-6 -3.0793 x 10-6 
2.9308 x 10-3 -3.5306 x 10-6 -3.5307 x 10-6 
3.2564 x 10-3 -3.6506 x 10-6 -3.6508 x 10-6 
3.5821 x 10-3 -3.2651 x 10-6 -3.2652 x 10-6 
3.9077 x 10-3 -3.1982 x 10-6 -3.1983 x 10-6 
4.2333 x 10-3 -3.2727 x 10-6 -3.2729 x 10-6 
4.5590 x 10-3 -2.7562 x 10-6 -2.7563 x 10-6 
4.8846 x 10-3 -2.1873 x 10-6 -2.1873 x 10-6 
5.2103 x 10-3 -2.0763 x 10-6 -2.0763 x 10-6 
5.5359 x 10-3 -1.6870 x 10-6 -1.6871 x 10-6 
5.8615 x 10-3 -8.6070 x 10-7 -8.6071 x 10-7 
6.1872 x 10-3 -4.3163 x 10-7 -4.3164 x 10-7 
6.5128 x 10-3 -2.1133 x 10-7 -2.1134 x 10-7 
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Table 5.7 Mid-span deflections at the end of each time-step for                     
V = 31.20 m/s 
Time at the end of each load-step (s) Mid-span dynamic deflection (m) 
0 0 
1.6282 x 10-4 -1.3562 x 10-7 
3.2564 x 10-4 -7.0200 x 10-7 
4.8846 x 10-4 -1.6373 x 10-6 
6.5128 x 10-4 -2.4265 x 10-6 
8.1410 x 10-4 -2.6999 x 10-6 
9.7692 x 10-4 -2.6049 x 10-6 
1.1397 x 10-3 -2.6635 x 10-6 
1.3026 x 10-3 -3.1365 x 10-6 
1.4654 x 10-3 -3.7438 x 10-6 
1.6282 x 10-3 -3.9523 x 10-6 
1.7910 x 10-3 -3.5748 x 10-6 
1.9538 x 10-3 -2.9928 x 10-6 
2.1167 x 10-3 -2.7015 x 10-6 
2.2795 x 10-3 -2.7898 x 10-6 
2.4423 x 10-3 -2.8134 x 10-6 
2.6051 x 10-3 -2.3495 x 10-6 
2.7679 x 10-3 -1.4487 x 10-6 
2.9308 x 10-3 -6.2113 x 10-7 
3.0936 x 10-3 -2.5062 x 10-7 
3.2564 x 10-3 -1.8090 x 10-7 
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Table 5.8 Mid-span deflections at the end of each time-step for V = 62.40m/s 
Time at the end of each load-step (s) Mid-span dynamic deflection (m) 
0 0 
8.1410 x 10-5 -3.3852 x 10-8 
1.6282 x 10-4 -2.3624 x 10-7 
2.4423 x 10-4 -7.3611 x 10-7 
3.2564 x 10-4 -1.5093 x 10-6 
4.0705 x 10-4 -2.4557 x 10-6 
4.8846 x 10-4 -3.3832 x 10-6 
5.6987 x 10-4 -4.0726 x 10-6 
6.5128 x 10-4 -4.4028 x 10-6 
7.3269 x 10-4 -4.3095 x 10-6 
8.1410 x 10-4 -3.8818 x 10-6 
8.9551 x 10-4 -3.2885 x 10-6 
9.7692 x 10-4 -2.7139 x 10-6 
1.0583 x 10-3 -2.3420 x 10-6 
1.1397 x 10-3 -2.2127 x 10-6 
1.2212 x 10-3 -2.2748 x 10-6 
1.3026 x 10-3 -2.3864 x 10-6 
1.3840 x 10-3 -2.3421 x 10-6 
1.4654 x 10-3 -2.0134 x 10-6 
1.5468 x 10-3 -1.3313 x 10-6 
1.6282 x 10-3 -3.5427 x 10-7 
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Table 5.9 Mid-span deflections at the end of each time-step for                      
V = 124.80 m/s 
Time at the end of each load-step (s) Mid-span dynamic deflection (m) 
0 0 
4.0705 x 10-5 -2.8313 x 10-9 
8.1410 x 10-5 -4.0803 x 10-8 
1.2212 x 10-4 -1.8860 x 10-7 
1.6282 x 10-4 -4.8202 x 10-7 
2.0353 x 10-4 -9.0529 x 10-7 
2.4423 x 10-4 -1.4804 x 10-6 
2.8494 x 10-4 -2.1986 x 10-6 
3.2564 x 10-4 -2.9844 x 10-6 
3.6635 x 10-4 -3.7870 x 10-6 
4.0705 x 10-4 -4.5581 x 10-6 
4.4776 x 10-4 -5.2040 x 10-6 
4.8846 x 10-4 -5.6482 x 10-6 
5.2917 x 10-4 -5.8749 x 10-6 
5.6987 x 10-4 -5.8367 x 10-6 
6.1058 x 10-4 -5.4852 x 10-6 
6.5128 x 10-4 -4.8511 x 10-6 
6.9199 x 10-4 -3.9589 x 10-6 
7.3269 x 10-4 -2.8237 x 10-6 
7.7340 x 10-4 -1.5157 x 10-6 
8.1410 x 10-4 -1.3331 x 10-7 
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Table 5.10 Mid-span deflections at the end of each time-step for                     
V = 250.00m/s  
Time at the end of each load-step (s) Mid-span dynamic deflection (m) 
0 0 
2.0320 x 10-5 -8.7431 x 10-10 
4.0640 x 10-5 -3.2156 x 10-9 
6.0960 x 10-5 -8.9516 x 10-9 
8.1280 x 10-5 -7.7026 x 10-8 
1.0160 x 10-4 -2.2350 x 10-7 
1.2192 x 10-4 -4.2961 x 10-7 
1.4224 x 10-4 -6.8137 x 10-7 
1.6256 x 10-4 -9.7869 x 10-7 
1.8288 x 10-4 -1.3317 x 10-6 
2.0320 x 10-4 -1.7485 x 10-6 
2.2352 x 10-4 -2.1947 x 10-6 
2.4384 x 10-4 -2.6386 x 10-6 
2.6416 x 10-4 -3.0800 x 10-6 
2.8448 x 10-4 -3.5261 x 10-6 
3.0480 x 10-4 -3.9788 x 10-6 
3.2512 x 10-4 -4.4120 x 10-6 
3.4544 x 10-4 -4.7779 x 10-6 
3.6576 x 10-4 -5.0508 x 10-6 
3.8608 x 10-4 -5.2379 x 10-6 
4.0640 x 10-4 -5.3307 x 10-6 
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5.3 Composite Beam Analysis 
 In this section the verification of the theoretical formulation, finite element 
formulation, and the numerical implementation in MATLAB are verified for the 
case of composite beams under CLPT and FSDT.  
5.3.1 Verification of Results with Kadivar and Mohebpur (1997) 
The geometric and composite-material (glass/epoxy) properties for this 
part of the analysis are taken from Kadivar and Mohebpur (1997) and are given 
in Table 5.11. Three different lay-ups, namely, [0/90]s, [0/±45/90] and [±45], are 
considered. 
Table 5.11 Dimensions and material properties of glass/epoxy composite 
beam 
Length, L  0.1018 m 
Width, b  0.00635 m 
Total Thickness, h 0.00745 m 
Density, ρ  1389.297 kg/m3 
Longitudinal Modulus of Elasticity, E1 144.8 GPa 
Longitudinal Modulus of Elasticity, E2 9.650 GPa 
Inplane Shear Modulus, G12 4.136 GPa 
Transverse Shear Modulus, G13 4.136 GPa 
Transverse Shear Modulus, G23 3.447 GPa 
Poisson’s ratio, ν12 0.25 
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5.3.1.1 Symmetric Cross-Ply Laminated Composite Beam  
 The analysis is done on a symmetric cross-ply laminated simply-supported 
beam, [0/90]s, with four layers each having equal thickness with a total thickness 
of 7.45 mm. A static analysis is run first, with a load of P = -4.45 N applied at the 
mid-span of the beam and the results are listed below in Table 5.12 
Table 5.12 Mid-span static deflection of glass/epoxy composite beam, 
[0/90]s  
Present study 
CLPT FSDT 
-3.4674 x 10-6 m -4.2088 x 10-6 m 
 By modal analysis, it is found that the simply-supported composite beam 
has a fundamental time period of Tf = 3.1877 × 10-4 s for CLPT and Tf = 3.4598 × 
10-4 s for FSDT. Similar to the isotropic beam, Table 5.13 lists the different total 
times and time-steps with their corresponding velocities for both CLPT and 
FSDT. These are used to achieve the dynamic magnification factors for 
comparison with Kadivar and Mohebpur. In their paper, they compare isotropic 
beam and composite beam all in one table and it can easily be misinterpreted 
since the velocities and the velocity ratios do not result in the same value for the 
time steps. Thus, in the present work, Table 5.13 lists the corrected time-steps 
with the corresponding velocities for comparison with Kadivar and Mohebpur.  
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Table 5.13 Moving load velocities and time-steps for composite beam, 
[0/90]s 
Velocity (m/s) 
Tf / T 
Composite beam [0/90]s 
T (s) Δt (s) 
CLPT FSDT CLPT FSDT CLPT FSDT 
39.84 36.71 0.125 2.5502E-3 2.7676E-3 1.2751E-4 1.3838E-4 
79.68 73.41 0.25 1.2748E-3 1.3840E-3 0.6374E-4 0.6920E-4 
159.36 146.83 0.5 0.6374E-3 0.6920E-3 0.3187E-4 0.3460E-4 
239.04 220.24 0.75 0.4249E-3 0.4613E-3 0.2125E-4 0.2307E-4 
318.73 293.66 1 0.3187E-3 0.3460E-3 0.1594E-4 0.1730E-4 
398.41 367.07 1.25 0.2550E-3 0.2768E-3 0.1275E-4 0.1384E-4 
637.45 587.32 2 0.1594E-3 0.1730E-3 0.0797E-4 0.0865E-4 
 The applied load as before is P = -4.45 N. Table 5.14, lists the maximum 
dynamic mid-span deflection at different velocities. Since Kadivar and Mohebpur 
do not list these, it is not possible to show a comparison in this table. 
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Table 5.14 Maximum mid-span dynamic deflections for different velocities, 
[0/90]s 
Velocity (m/s) 
Maximum mid-span dynamic deflections (m) 
Present study 
CLPT FSDT CLPT FSDT 
39.84 36.71 -3.6452 x 10-6 -4.4187 x 10-6 
79.68 73.41 -3.9471 x 10-6 -4.7803 x 10-6 
159.36 146.83 -4.3964 x 10-6 -5.1840 x 10-6 
239.04 220.24 -5.4419 x 10-6 -6.5112 x 10-6 
318.73 293.66 -5.8667 x 10-6 -7.0034 x 10-6 
398.41 367.07 -5.9553 x 10-6 -7.0091 x 10-6 
637.45 587.32 -5.3286 x 10-6 -6.2593 x 10-6 
The dynamic magnification factors for this example are listed in Table 
5.15. They are compared with the results from Kadivar and Mohebpur (1997). 
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Table 5.15 Dynamic magnification factors comparison for different 
velocities, [0/90]s 
Velocity (m/s) 
Dynamic magnification factors 
Present study Kadivar and Mohebpur 
CLPT FSDT CLPT FSDT CLPT FSDT 
39.84 36.71 1.051 1.050 1.052 1.063 
79.68 73.41 1.138 1.136 1.133 1.151 
159.36 146.83 1.268 1.232 1.265 1.281 
239.04 220.24 1.569 1.547 1.571 1.586 
318.73 293.66 1.692 1.664 1.692 1.704 
398.41 367.07 1.718 1.665 1.717 1.727 
637.45 587.32 1.537 1.487 1.535 1.542 
It can be seen, in Table 5.15 and Figure 5.7 that the present CLPT results 
are in excellent agreement with that of the previous authors. The results for 
FSDT differ slightly – a presumed reason for this is the use of higher order beam 
elements in the present research while Kadivar and Mohebpur use conventional 
2-noded elements. 
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Figures 5.8 to 5.14 show the dynamic deflections for the load of P = 4.45 
N  moving at the velocities listed in Table 5.15. Each of these graphs has two 
plots for the present study; one is for CLPT and the other for FSDT. Tables 5.16 
to 5.22 list the values of the mid-span dynamic deflection at the end of each time-
step at different velocities for the composite beam [0/90]s. 
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Table 5.16 Mid-span deflections at the end of each time-step for                  
VCLPT = 39.84 m/s and VFSDT = 36.71 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
1.2751E-04 1.3838E-04 -3.1127E-07 -3.5031E-07 
2.5502E-04 2.7676E-04 -1.1242E-06 -1.2918E-06 
3.8253E-04 4.1515E-04 -1.6872E-06 -1.9470E-06 
5.1004E-04 5.5353E-04 -1.8077E-06 -2.0792E-06 
6.3755E-04 6.9191E-04 -2.3029E-06 -2.6687E-06 
7.6506E-04 8.3029E-04 -2.9664E-06 -3.4575E-06 
8.9257E-04 9.6867E-04 -3.0558E-06 -3.5895E-06 
1.0201E-03 1.1071E-03 -3.0765E-06 -3.6463E-06 
1.1476E-03 1.2454E-03 -3.5282E-06 -4.2308E-06 
1.2751E-03 1.3838E-03 -3.6452E-06 -4.4187E-06 
1.4026E-03 1.5222E-03 -3.2603E-06 -3.9137E-06 
1.5301E-03 1.6606E-03 -3.1970E-06 -3.7910E-06 
1.6576E-03 1.7990E-03 -3.2694E-06 -3.8371E-06 
1.7851E-03 1.9373E-03 -2.7504E-06 -3.2080E-06 
1.9127E-03 2.0757E-03 -2.1859E-06 -2.5253E-06 
2.0402E-03 2.2141E-03 -2.0768E-06 -2.4018E-06 
2.1677E-03 2.3525E-03 -1.6828E-06 -1.9367E-06 
2.2952E-03 2.4909E-03 -8.5778E-07 -9.8252E-07 
2.4227E-03 2.6293E-03 -4.3471E-07 -4.9185E-07 
2.5502E-03 2.7676E-03 -2.1172E-07 -2.5198E-07 
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Table 5.17 Mid-span deflections at the end of each time-step for                  
VCLPT = 79.68 m/s and VFSDT = 73.41 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
6.3739E-05 6.9200E-05 -1.3565E-07 -1.4493E-07 
1.2748E-04 1.3840E-04 -7.0178E-07 -7.9096E-07 
1.9122E-04 2.0760E-04 -1.6362E-06 -1.8895E-06 
2.5496E-04 2.7680E-04 -2.4237E-06 -2.8044E-06 
3.1870E-04 3.4600E-04 -2.6957E-06 -3.1296E-06 
3.8243E-04 4.1520E-04 -2.6007E-06 -3.0300E-06 
4.4617E-04 4.8440E-04 -2.6608E-06 -3.1161E-06 
5.0991E-04 5.5360E-04 -3.1353E-06 -3.7253E-06 
5.7365E-04 6.2280E-04 -3.7413E-06 -4.4753E-06 
6.3739E-04 6.9200E-04 -3.9471E-06 -4.7803E-06 
7.0113E-04 7.6120E-04 -3.5677E-06 -4.2732E-06 
7.6487E-04 8.3040E-04 -2.9877E-06 -3.5399E-06 
8.2861E-04 8.9960E-04 -2.7003E-06 -3.1752E-06 
8.9235E-04 9.6881E-04 -2.7907E-06 -3.2447E-06 
9.5609E-04 1.0380E-03 -2.8119E-06 -3.2783E-06 
1.0198E-03 1.1072E-03 -2.3437E-06 -2.7018E-06 
1.0836E-03 1.1764E-03 -1.4427E-06 -1.6613E-06 
1.1473E-03 1.2456E-03 -6.1936E-07 -6.9419E-07 
1.2110E-03 1.3148E-03 -2.5488E-07 -2.8359E-07 
1.2748E-03 1.3840E-03 -1.8548E-07 -2.2666E-07 
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Table 5.18 Mid-span deflections at the end of each time-step for               
VCLPT = 159.36 m/s and VFSDT = 146.83 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
3.1870E-05 3.4598E-05 -3.3937E-08 -2.9872E-08 
6.3739E-05 6.9196E-05 -2.3624E-07 -2.3816E-07 
9.5609E-05 1.0379E-04 -7.3613E-07 -8.1991E-07 
1.2748E-04 1.3839E-04 -1.5092E-06 -1.7412E-06 
1.5935E-04 1.7299E-04 -2.4545E-06 -2.8321E-06 
1.9122E-04 2.0759E-04 -3.3810E-06 -3.9498E-06 
2.2309E-04 2.4218E-04 -4.0683E-06 -4.7953E-06 
2.5496E-04 2.7678E-04 -4.3964E-06 -5.1840E-06 
2.8683E-04 3.1138E-04 -4.3020E-06 -5.1553E-06 
3.1870E-04 3.4598E-04 -3.8730E-06 -4.6926E-06 
3.5056E-04 3.8058E-04 -3.2813E-06 -3.9216E-06 
3.8243E-04 4.1517E-04 -2.7089E-06 -3.2303E-06 
4.1430E-04 4.4977E-04 -2.3398E-06 -2.7394E-06 
4.4617E-04 4.8437E-04 -2.2143E-06 -2.5631E-06 
4.7804E-04 5.1897E-04 -2.2772E-06 -2.6513E-06 
5.0991E-04 5.5357E-04 -2.3891E-06 -2.7619E-06 
5.4178E-04 5.8816E-04 -2.3430E-06 -2.7132E-06 
5.7365E-04 6.2276E-04 -2.0099E-06 -2.3463E-06 
6.0552E-04 6.5736E-04 -1.3261E-06 -1.5424E-06 
6.3739E-04 6.9196E-04 -3.4635E-07 -3.9516E-07 
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Table 5.19 Mid-span deflections at the end of each time-step for              
VCLPT = 239.04m/s and VFSDT = 220.24m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
2.1246E-05 2.3066E-05 -1.0441E-08 -6.8717E-09 
4.2493E-05 4.6131E-05 -9.5403E-08 -7.7427E-08 
6.3739E-05 6.9197E-05 -3.5477E-07 -3.5176E-07 
8.4985E-05 9.2263E-05 -8.1285E-07 -9.1643E-07 
1.0623E-04 1.1533E-04 -1.4577E-06 -1.6873E-06 
1.2748E-04 1.3839E-04 -2.2803E-06 -2.6212E-06 
1.4872E-04 1.6146E-04 -3.1776E-06 -3.7313E-06 
1.6997E-04 1.8453E-04 -4.0424E-06 -4.8185E-06 
1.9122E-04 2.0759E-04 -4.7880E-06 -5.7003E-06 
2.1246E-04 2.3066E-04 -5.2801E-06 -6.3400E-06 
2.3371E-04 2.5372E-04 -5.4419E-06 -6.5112E-06 
2.5496E-04 2.7679E-04 -5.2638E-06 -6.2285E-06 
2.7620E-04 2.9985E-04 -4.7361E-06 -5.5506E-06 
2.9745E-04 3.2292E-04 -3.9172E-06 -4.5751E-06 
3.1870E-04 3.4599E-04 -2.9210E-06 -3.4147E-06 
3.3994E-04 3.6905E-04 -1.8269E-06 -2.0808E-06 
3.6119E-04 3.9212E-04 -7.6014E-07 -8.3806E-07 
3.8243E-04 4.1518E-04 1.5900E-07 2.0743E-07 
4.0368E-04 4.3825E-04 8.9035E-07 1.0637E-06 
4.2493E-04 4.6131E-04 1.3803E-06 1.6437E-06 
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Table 5.20 Mid-span deflections at the end of each time-step for              
VCLPT = 318.73 m/s and VFSDT = 293.66 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
1.5935E-05 1.7299E-05 -2.9689E-09 -1.2611E-09 
3.1870E-05 3.4598E-05 -4.0969E-08 -2.4023E-08 
4.7804E-05 5.1897E-05 -1.8828E-07 -1.4945E-07 
6.3739E-05 6.9196E-05 -4.8212E-07 -4.9170E-07 
7.9674E-05 8.6495E-05 -9.0605E-07 -1.0496E-06 
9.5609E-05 1.0379E-04 -1.4800E-06 -1.7225E-06 
1.1154E-04 1.2109E-04 -2.1982E-06 -2.5351E-06 
1.2748E-04 1.3839E-04 -2.9847E-06 -3.5342E-06 
1.4341E-04 1.5569E-04 -3.7860E-06 -4.5746E-06 
1.5935E-04 1.7299E-04 -4.5551E-06 -5.5104E-06 
1.7528E-04 1.9029E-04 -5.2014E-06 -6.1887E-06 
1.9122E-04 2.0759E-04 -5.6445E-06 -6.6599E-06 
2.0715E-04 2.2489E-04 -5.8667E-06 -6.9292E-06 
2.2309E-04 2.4218E-04 -5.8286E-06 -6.8480E-06 
2.3902E-04 2.5948E-04 -5.4768E-06 -6.3824E-06 
2.5496E-04 2.7678E-04 -4.8385E-06 -5.6275E-06 
2.7089E-04 2.9408E-04 -3.9456E-06 -4.6266E-06 
2.8683E-04 3.1138E-04 -2.8130E-06 -3.2844E-06 
3.0276E-04 3.2868E-04 -1.5039E-06 -1.7513E-06 
3.1870E-04 3.4598E-04 -1.2054E-07 -1.0930E-07 
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Table 5.21 Dynamic mid-span deflection at VCLPT = 398.41 m/s and                
VFSDT = 367.07 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
1.2748E-05 1.3839E-05 -3.2224E-10 8.3376E-11 
2.5496E-05 2.7679E-05 -1.6567E-08 -5.8079E-09 
3.8244E-05 4.1518E-05 -1.0258E-07 -5.8282E-08 
5.0992E-05 5.5357E-05 -3.0462E-07 -2.5304E-07 
6.3741E-05 6.9197E-05 -6.0815E-07 -6.5761E-07 
7.6489E-05 8.3036E-05 -1.0104E-06 -1.2036E-06 
8.9237E-05 9.6875E-05 -1.5397E-06 -1.8121E-06 
1.0198E-04 1.1071E-04 -2.1759E-06 -2.5456E-06 
1.1473E-04 1.2455E-04 -2.8629E-06 -3.4320E-06 
1.2748E-04 1.3839E-04 -3.5589E-06 -4.3534E-06 
1.4023E-04 1.5223E-04 -4.2485E-06 -5.1282E-06 
1.5298E-04 1.6607E-04 -4.8848E-06 -5.7885E-06 
1.6573E-04 1.7991E-04 -5.3935E-06 -6.3096E-06 
1.7847E-04 1.9375E-04 -5.7561E-06 -6.7153E-06 
1.9122E-04 2.0759E-04 -5.9553E-06 -7.0091E-06 
2.0397E-04 2.2143E-04 -5.9388E-06 -6.9598E-06 
2.1672E-04 2.3527E-04 -5.6645E-06 -6.6274E-06 
2.2947E-04 2.4911E-04 -5.1406E-06 -5.9955E-06 
2.4221E-04 2.6295E-04 -4.3878E-06 -5.1321E-06 
2.5496E-04 2.7679E-04 -3.3875E-06 -4.0111E-06 
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Table 5.22 Mid-span deflections at the end of each time-step for              
VCLPT = 637.45 m/s and VFSDT = 587.32 m/s 
Time at the end of each load step (s) Mid-span dynamic deflection (m) 
CLPT FSDT CLPT FSDT 
0 0 0 0 
7.9675E-06 8.6495E-06 7.8194E-10 2.0651E-10 
1.5935E-05 1.7299E-05 2.6974E-09 1.4908E-09 
2.3903E-05 2.5948E-05 -9.6344E-09 2.9583E-09 
3.1870E-05 3.4598E-05 -7.6754E-08 -1.3724E-08 
3.9838E-05 4.3247E-05 -2.2309E-07 -1.0789E-07 
4.7805E-05 5.1897E-05 -4.3086E-07 -3.5921E-07 
5.5773E-05 6.0546E-05 -6.8441E-07 -7.7986E-07 
6.3740E-05 6.9196E-05 -9.8361E-07 -1.2712E-06 
7.1708E-05 7.7845E-05 -1.3359E-06 -1.7547E-06 
7.9675E-05 8.6495E-05 -1.7509E-06 -2.2619E-06 
8.7643E-05 9.5144E-05 -2.1998E-06 -2.6861E-06 
9.5610E-05 1.0379E-04 -2.6472E-06 -3.0688E-06 
1.0358E-04 1.1244E-04 -3.0900E-06 -3.5607E-06 
1.1155E-04 1.2109E-04 -3.5347E-06 -4.1002E-06 
1.1951E-04 1.2974E-04 -3.9837E-06 -4.7016E-06 
1.2748E-04 1.3839E-04 -4.4163E-06 -5.2024E-06 
1.3545E-04 1.4704E-04 -4.7866E-06 -5.5969E-06 
1.4342E-04 1.5569E-04 -5.0605E-06 -5.9064E-06 
1.5138E-04 1.6434E-04 -5.2413E-06 -6.0724E-06 
1.5935E-04 1.7299E-04 -5.3286E-06 -6.2593E-06 
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5.3.1.2 [0/±45/90] Laminated Composite Beam  
 The next set of results relate to the laminated composite beam, 
[0/±45/90], with four layers each having the same thickness and a total thickness 
of 7.45 mm. Kadivar and Mohebpur (1997) show a plot of the dynamic 
magnification factors at different velocities for higher order shear deformation 
theory (HSDT), which are read through the program called DigitizeIt. The 
material properties are the same as given earlier in Table 5.11.A static analysis is 
run first, with a load of P = -4.45 N applied at the mid-span of the beam and the 
results are listed below in Table 5.23. 
Table 5.23 Mid-span static deflection of glass/epoxy [0/±45/90] composite 
beam 
Present study 
CLPT FSDT 
-1.3276 x 10-5 m -1.4018 x 10-5 m 
 Table 5.24 lists the different total times and time steps with their 
corresponding velocities. These are used to achieve the dynamic magnification 
factors for comparison with Kadivar and Mohebpur (1997).  
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Table 5.24 Moving load velocities and time-steps for composite beam, 
[0/±45/90] 
Velocity (m/s) 
Composite beam [0/±45/90]T 
T (s) Δt (s) 
20.30 5.0049 x 10-3 2.5025 x 10-4 
39.60 2.5657 x 10-3 1.2828 x 10-4 
78.20 1.2992 x 10-3 6.4962 x 10-5 
118.00 8.6102 x 10-4 4.3051 x 10-5 
156.00 6.5128 x 10-4 3.2564 x 10-5 
197.00 5.1574 x 10-4 2.5787 x 10-5 
295.00 3.4441 x 10-4 1.7220 x 10-5 
344.00 2.9535 x 10-4 1.4767 x 10-5 
391.00 2.5985 x 10-4 1.2992 x 10-5 
 The applied point load is the same as before, namely, P = -4.45 N, which 
moves from one node to another in 20 times steps, starting from the left end of 
the simply-supported beam to the right end. Table 5.25 lists the maximum 
dynamic mid-span deflection at different velocities. Since Kadivar and Mohebpur 
(1997) do not list these, it is not possible to show a comparison in this table. 
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Table 5.25 Maximum dynamic deflections for different velocities, [0/±45/90] 
Velocity (m/s) 
Maximum mid-span dynamic deflections (m) 
Present study 
CLPT FSDT 
20.30 -1.3956 x 10-5 -1.4851 x 10-5 
39.60 -1.4936 x 10-5 -1.5926 x 10-5 
78.20 -1.6473 x 10-5 -1.7477 x 10-5 
118.00 -2.0544 x 10-5 -2.1834 x 10-5 
156.00 -2.2353 x 10-5 -2.3468 x 10-5 
197.00 -2.2837 x 10-5 -2.3802 x 10-5 
295.00 -2.1202 x 10-5 -2.2072 x 10-5 
344.00 -1.9730 x 10-5 -2.0387 x 10-5 
391.00 -1.7660 x 10-5 -1.7894 x 10-5 
The dynamic magnification factors for moving load on a [0/±45/90] 
glass/epoxy composite beam are listed in Table 5.26 and compared with the 
results from Kadivar and Mohebpur (1997). 
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Table 5.26 Dynamic magnification factors comparison for different 
velocities 
Velocity (m/s) 
Dynamic magnification factors 
Present study Kadivar and Mohebpur 
(1997), HSDT CLPT FSDT 
20.30 1.051 1.059 1.040 
39.60 1.125 1.136 1.120 
78.20 1.241 1.247 1.240 
118.00 1.547 1.558 1.540 
156.00 1.684 1.674 1.660 
197.00 1.720 1.698 1.690 
295.00 1.597 1.575 1.560 
344.00 1.486 1.454 1.460 
391.00 1.330 1.277 1.280 
It can be seen that the present study results are in excellent agreement 
with that of the previous authors. The results for CLPT are slightly off since 
Kadivar and Mohebpur show results for HSDT, which is expected to be more 
accurate than FSDT and CLPT. 
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Figures 5.17 to 5.25 and Tables 5.27 to 5.35 show the values of the mid-
span dynamic deflections at the end of each time-step at different velocities for 
the [0/±45/90] composite beam, based on CLPT and FSDT. 
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Table 5.27 Mid-span deflections at the end of each time-step for                    
V = 20.30 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
2.5025E-04 -1.1764E-06 -1.1928E-06 
5.0049E-04 -4.2681E-06 -4.4102E-06 
7.5074E-04 -6.4225E-06 -6.7328E-06 
1.0010E-03 -6.8907E-06 -7.1986E-06 
1.2512E-03 -8.7883E-06 -9.0634E-06 
1.5015E-03 -1.1328E-05 -1.1809E-05 
1.7517E-03 -1.1690E-05 -1.2359E-05 
2.0020E-03 -1.1777E-05 -1.2307E-05 
2.2522E-03 -1.3502E-05 -1.4056E-05 
2.5025E-03 -1.3956E-05 -1.4851E-05 
2.7527E-03 -1.2489E-05 -1.3277E-05 
3.0030E-03 -1.2233E-05 -1.2626E-05 
3.2532E-03 -1.2496E-05 -1.3002E-05 
3.5034E-03 -1.0515E-05 -1.1237E-05 
3.7537E-03 -8.3415E-06 -8.6410E-06 
4.0039E-03 -7.9095E-06 -7.9531E-06 
4.2542E-03 -6.4062E-06 -6.8357E-06 
4.5044E-03 -3.2611E-06 -3.6258E-06 
4.7547E-03 -1.6383E-06 -1.3949E-06 
5.0049E-03 -8.0314E-07 -7.1248E-07 
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Table 5.28 Mid-span deflections at the end of each time-step for                    
V = 39.60 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.2828E-04 -5.2967E-07 -5.2017E-07 
2.5657E-04 -2.7326E-06 -2.7540E-06 
3.8485E-04 -6.3146E-06 -6.4851E-06 
5.1313E-04 -9.2120E-06 -9.6111E-06 
6.4141E-04 -1.0106E-05 -1.0705E-05 
7.6970E-04 -9.7656E-06 -1.0354E-05 
8.9798E-04 -1.0234E-05 -1.0644E-05 
1.0263E-03 -1.2280E-05 -1.2616E-05 
1.1545E-03 -1.4512E-05 -1.5071E-05 
1.2828E-03 -1.4936E-05 -1.5926E-05 
1.4111E-03 -1.3246E-05 -1.4321E-05 
1.5394E-03 -1.1243E-05 -1.1979E-05 
1.6677E-03 -1.0620E-05 -1.0823E-05 
1.7960E-03 -1.1149E-05 -1.1168E-05 
1.9242E-03 -1.0833E-05 -1.1207E-05 
2.0525E-03 -8.4582E-06 -9.2452E-06 
2.1808E-03 -4.9388E-06 -5.6584E-06 
2.3091E-03 -2.3610E-06 -2.4015E-06 
2.4374E-03 -1.5931E-06 -1.0515E-06 
2.5657E-03 -1.2405E-06 -7.9073E-07 
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Table 5.29 Mid-span deflections at the end of each time-step for                    
V = 78.20 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
6.4962E-05 -1.3691E-07 -1.2450E-07 
1.2992E-04 -9.4930E-07 -9.1216E-07 
1.9488E-04 -2.9569E-06 -2.9447E-06 
2.5985E-04 -6.0262E-06 -6.0885E-06 
3.2481E-04 -9.6811E-06 -9.8691E-06 
3.8977E-04 -1.3143E-05 -1.3587E-05 
4.5473E-04 -1.5543E-05 -1.6265E-05 
5.1969E-04 -1.6473E-05 -1.7477E-05 
5.8465E-04 -1.5815E-05 -1.7069E-05 
6.4962E-04 -1.4023E-05 -1.5295E-05 
7.1458E-04 -1.1894E-05 -1.2936E-05 
7.7954E-04 -1.0099E-05 -1.0766E-05 
8.4450E-04 -9.2174E-06 -9.4179E-06 
9.0946E-04 -9.2604E-06 -9.1431E-06 
9.7442E-04 -9.7456E-06 -9.4919E-06 
1.0394E-03 -1.0018E-05 -9.8629E-06 
1.1043E-03 -9.3174E-06 -9.5334E-06 
1.1693E-03 -7.2626E-06 -7.8459E-06 
1.2343E-03 -3.9513E-06 -4.8342E-06 
1.2992E-03 1.6145E-07 -7.8895E-07 
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Table 5.30 Mid-span deflections at the end of each time-step for                    
V = 118.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
4.3051E-05 -4.2116E-08 -3.3920E-08 
8.6102E-05 -3.7819E-07 -3.3655E-07 
1.2915E-04 -1.4123E-06 -1.3552E-06 
1.7220E-04 -3.2548E-06 -3.2445E-06 
2.1525E-04 -5.8236E-06 -5.8437E-06 
2.5831E-04 -9.0547E-06 -9.1451E-06 
3.0136E-04 -1.2543E-05 -1.2838E-05 
3.4441E-04 -1.5816E-05 -1.6316E-05 
3.8746E-04 -1.8539E-05 -1.9279E-05 
4.3051E-04 -2.0226E-05 -2.1310E-05 
4.7356E-04 -2.0544E-05 -2.1834E-05 
5.1661E-04 -1.9510E-05 -2.0896E-05 
5.5966E-04 -1.7218E-05 -1.8706E-05 
6.0271E-04 -1.3878E-05 -1.5369E-05 
6.4576E-04 -9.9857E-06 -1.1234E-05 
6.8881E-04 -5.9556E-06 -6.9445E-06 
7.3186E-04 -2.1745E-06 -2.7806E-06 
7.7492E-04 8.9862E-07 8.7889E-07 
8.1797E-04 3.0914E-06 3.5591E-06 
8.6102E-04 4.4164E-06 5.3013E-06 
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Table 5.31 Mid-span deflections at the end of each time-step for                    
V = 156.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
3.2564E-05 -1.3382E-08 -8.8262E-09 
6.5128E-05 -1.6777E-07 -1.3292E-07 
9.7692E-05 -7.6074E-07 -6.8421E-07 
1.3026E-04 -1.9595E-06 -1.9111E-06 
1.6282E-04 -3.6968E-06 -3.7027E-06 
1.9538E-04 -6.0140E-06 -6.0159E-06 
2.2795E-04 -8.8863E-06 -8.9611E-06 
2.6051E-04 -1.2011E-05 -1.2272E-05 
2.9308E-04 -1.5116E-05 -1.5560E-05 
3.2564E-04 -1.8003E-05 -1.8599E-05 
3.5821E-04 -2.0369E-05 -2.1098E-05 
3.9077E-04 -2.1862E-05 -2.2838E-05 
4.2333E-04 -2.2353E-05 -2.3468E-05 
4.5590E-04 -2.1790E-05 -2.3028E-05 
4.8846E-04 -2.0029E-05 -2.1527E-05 
5.2103E-04 -1.7128E-05 -1.8749E-05 
5.5359E-04 -1.3289E-05 -1.4888E-05 
5.8615E-04 -8.7171E-06 -1.0238E-05 
6.1872E-04 -3.6093E-06 -5.0519E-06 
6.5128E-04 1.6781E-06 5.2605E-07 
 
 
123 
 
 
 
 
 
0
1
2
3
4
5
6
x 
10
-4
-2
.5-2
-1
.5-1
-0
.50
x 
10
-5
Tim
e 
/ s
Mid-Span Deflection / m
 
 
CL
PT
FS
DT
Fi
gu
re
 5
.2
2 
D
yn
am
ic
 m
id
-s
pa
n 
de
fle
ct
io
ns
 a
t V
 =
 1
97
.0
0 
m
/s
 
124 
 
Table 5.32 Mid-span deflections at the end of each time-step for                    
V = 197.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
2.5787E-05 -2.3688E-09 -4.9653E-10 
5.1574E-05 -6.7212E-08 -4.3100E-08 
7.7360E-05 -4.0210E-07 -3.2290E-07 
1.0315E-04 -1.2044E-06 -1.1136E-06 
1.2893E-04 -2.4357E-06 -2.4194E-06 
1.5472E-04 -4.0590E-06 -4.0783E-06 
1.8051E-04 -6.1622E-06 -6.1745E-06 
2.0629E-04 -8.6914E-06 -8.7730E-06 
2.3208E-04 -1.1432E-05 -1.1682E-05 
2.5787E-04 -1.4157E-05 -1.4613E-05 
2.8365E-04 -1.6774E-05 -1.7215E-05 
3.0944E-04 -1.9174E-05 -1.9613E-05 
3.3523E-04 -2.1084E-05 -2.1740E-05 
3.6102E-04 -2.2331E-05 -2.3179E-05 
3.8680E-04 -2.2837E-05 -2.3802E-05 
4.1259E-04 -2.2502E-05 -2.3601E-05 
4.3838E-04 -2.1193E-05 -2.2528E-05 
4.6416E-04 -1.8834E-05 -2.0433E-05 
4.8995E-04 -1.5530E-05 -1.7220E-05 
5.1574E-04 -1.1403E-05 -1.3045E-05 
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Table 5.33 Mid-span deflections at the end of each time-step for                    
V = 295.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.7220E-05 2.3578E-09 1.7242E-09 
3.4441E-05 3.3551E-09 7.5425E-09 
5.1661E-05 -7.0016E-08 -2.4916E-08 
6.8881E-05 -3.8654E-07 -2.6356E-07 
8.6102E-05 -1.0389E-06 -9.0471E-07 
1.0332E-04 -1.9562E-06 -1.9169E-06 
1.2054E-04 -3.0853E-06 -3.1382E-06 
1.3776E-04 -4.4322E-06 -4.5556E-06 
1.5498E-04 -6.0215E-06 -6.1786E-06 
1.7220E-04 -7.8620E-06 -7.9748E-06 
1.8942E-04 -9.8168E-06 -9.9047E-06 
2.0664E-04 -1.1743E-05 -1.1958E-05 
2.2386E-04 -1.3626E-05 -1.3915E-05 
2.4108E-04 -1.5460E-05 -1.5723E-05 
2.5831E-04 -1.7214E-05 -1.7451E-05 
2.7553E-04 -1.8801E-05 -1.9046E-05 
2.9275E-04 -2.0062E-05 -2.0485E-05 
3.0997E-04 -2.0873E-05 -2.1537E-05 
3.2719E-04 -2.1202E-05 -2.2072E-05 
3.4441E-04 -2.1002E-05 -2.1913E-05 
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Table 5.34 Mid-span deflections at the end of each time-step for                     
V = 344.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.4767E-05 2.0993E-09 1.2558E-09 
2.9535E-05 9.8323E-09 9.1079E-09 
4.4302E-05 -1.4360E-08 1.1379E-08 
5.9070E-05 -2.0273E-07 -9.7067E-08 
7.3837E-05 -6.7950E-07 -5.1369E-07 
8.8605E-05 -1.4202E-06 -1.3135E-06 
1.0337E-04 -2.3524E-06 -2.3588E-06 
1.1814E-04 -3.4393E-06 -3.5529E-06 
1.3291E-04 -4.6514E-06 -4.8901E-06 
1.4767E-04 -6.0259E-06 -6.2734E-06 
1.6244E-04 -7.5847E-06 -7.6261E-06 
1.7721E-04 -9.2423E-06 -9.2112E-06 
1.9198E-04 -1.0910E-05 -1.0983E-05 
2.0674E-04 -1.2543E-05 -1.2721E-05 
2.2151E-04 -1.4115E-05 -1.4385E-05 
2.3628E-04 -1.5623E-05 -1.5869E-05 
2.5105E-04 -1.7050E-05 -1.7272E-05 
2.6581E-04 -1.8291E-05 -1.8507E-05 
2.8058E-04 -1.9204E-05 -1.9583E-05 
2.9535E-04 -1.9730E-05 -2.0387E-05 
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Table 5.35 Mid-span deflections at the end of each time-step for                     
V = 391.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.2992E-05 1.6449E-09 8.3780E-10 
2.5985E-05 1.0891E-08 7.7537E-09 
3.8977E-05 1.1418E-08 2.2509E-08 
5.1969E-05 -9.4802E-08 -1.3816E-08 
6.4962E-05 -4.4039E-07 -2.6865E-07 
7.7954E-05 -1.0442E-06 -8.8316E-07 
9.0946E-05 -1.8409E-06 -1.7901E-06 
1.0394E-04 -2.7819E-06 -2.8461E-06 
1.1693E-04 -3.7991E-06 -4.0225E-06 
1.2992E-04 -4.8653E-06 -5.2303E-06 
1.4292E-04 -6.0488E-06 -6.2569E-06 
1.5591E-04 -7.3861E-06 -7.3546E-06 
1.6890E-04 -8.8286E-06 -8.7159E-06 
1.8189E-04 -1.0307E-05 -1.0228E-05 
1.9488E-04 -1.1762E-05 -1.1849E-05 
2.0788E-04 -1.3145E-05 -1.3352E-05 
2.2087E-04 -1.4443E-05 -1.4741E-05 
2.3386E-04 -1.5682E-05 -1.5976E-05 
2.4685E-04 -1.6790E-05 -1.7015E-05 
2.5985E-04 -1.7660E-05 -1.7894E-05 
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5.3.1.3 [±45] Laminated Composite Beam  
 Next, an analysis is done for a moving load on the glass/epoxy laminated-
composite simply-supported beam, [±45], with two layers each having the same 
thickness and a total laminate thickness of 7.45 mm. Kadivar and Mohebpur 
(1997) show a plot of the dynamic magnification factors at different velocities for 
higher order shear deformation theory which is read through the program 
DigitizeIt. The present CLPT and FSDT results are compared with that of Kadivar 
and Mohebpur (1997). The material properties are the same as given earlier in 
Table 5.11. 
 A static analysis is run first, with a load of P = -4.45 N applied at the mid-
span of the beam and the results are listed in Table 5.36 
Table 5.36 Mid-span static deflection of glass/epoxy [±45] composite beam  
Present study 
CLPT FSDT 
-3.3411 x 10-5 m -3.4152 x 10-5 m 
 Table 5.37 lists the different total times and time steps with their 
corresponding velocities. These are used to achieve the dynamic magnification 
factors for comparison with Kadivar and Mohebpur (1997).  
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Table 5.37 Moving load velocities and time-steps for [±45] composite beam 
Velocity (m/s) 
Composite beam [±45] 
T (s) Δt (s) 
13.40 7.5821 x 10-3 3.7910 x 10-4 
33.90 2.9971 x 10-3 1.4985 x 10-4 
50.40 2.0159 x 10-3 1.0079 x 10-4 
74.80 1.3583 x 10-3 6.7914 x 10-5 
99.60 1.0201 x 10-3 5.1004 x 10-5 
126.00 8.0635 x 10-4 4.0317 x 10-5 
193.00 5.2642 x 10-4 2.6321 x 10-5 
255.00 3.9843 x 10-4 1.9922 x 10-5 
 Table 5.38, lists the maximum dynamic mid-span deflection at different 
velocities. Since Kadivar and Mohebpur do not list these, it is not possible to 
show a comparison in this table. 
Table 5.38 Maximum dynamic deflections for different velocities, [±45] 
Velocity (m/s) 
Maximum mid-span dynamic deflections (m) 
Present study 
CLPT FSDT 
13.40 -3.5627 x 10-5 -3.6476 x 10-5 
33.90 -3.7722 x 10-5 -3.8325 x 10-5 
50.40 -4.1953 x 10-5 -4.2959 x 10-5 
74.80 -5.1744 x 10-5 -5.3011 x 10-5 
99.60 -5.6404 x 10-5 -5.7434 x 10-5 
126.00 -5.7544 x 10-5 -5.8414 x 10-5 
193.00 -5.2754 x 10-5 -5.3387 x 10-5 
255.00 -4.3308 x 10-5 -4.3606 x 10-5 
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The dynamic magnification factors for moving load on a [±45]	  glass/epoxy 
composite beam are listed in Table 5.39 and are compared with the previously 
published results from Kadivar and Mohebpur (1997). 
Table 5.39 Dynamic magnification factors comparison for different 
velocities, [±45] 
Velocity (m/s) 
Dynamic magnification factors 
Present study 
Kadivar and Mohebpur 
CLPT FSDT 
13.40 1.066 1.068 1.060 
33.90 1.129 1.122 1.140 
50.40 1.256 1.258 1.250 
74.80 1.549 1.552 1.560 
99.60 1.688 1.682 1.680 
126.00 1.722 1.710 1.700 
193.00 1.579 1.563 1.560 
255.00 1.296 1.277 1.280 
It can be seen that the present study results are in excellent agreement 
with that of the previous authors. The results for CLPT are slightly off since 
Kadivar and Mohebpur show results for HSDT. 
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Figures 5.26 to 5.33 and Tables 5.40 to 5.47 show the values of the mid-
span dynamic deflections at the end of each time-step at different velocities for 
the [±45] composite beam, based on CLPT and FSDT. 
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Table 5.40 Mid-span deflections at the end of each time-step for                    
V = 13.40 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
3.7910E-04 -2.8930E-06 -2.9068E-06 
7.5821E-04 -1.0709E-05 -1.0845E-05 
1.1373E-03 -1.6493E-05 -1.6807E-05 
1.5164E-03 -1.7601E-05 -1.7924E-05 
1.8955E-03 -2.1770E-05 -2.2039E-05 
2.2746E-03 -2.8501E-05 -2.8955E-05 
2.6537E-03 -3.0086E-05 -3.0773E-05 
3.0328E-03 -2.9514E-05 -3.0084E-05 
3.4119E-03 -3.3266E-05 -3.3780E-05 
3.7910E-03 -3.5627E-05 -3.6476E-05 
4.1701E-03 -3.2123E-05 -3.2986E-05 
4.5493E-03 -2.9935E-05 -3.0365E-05 
4.9284E-03 -3.1072E-05 -3.1463E-05 
5.3075E-03 -2.7725E-05 -2.8444E-05 
5.6866E-03 -2.1063E-05 -2.1516E-05 
6.0657E-03 -1.8644E-05 -1.8632E-05 
6.4448E-03 -1.6809E-05 -1.7067E-05 
6.8239E-03 -9.5595E-06 -1.0064E-05 
7.2030E-03 -2.9886E-06 -2.9016E-06 
7.5821E-03 -1.1244E-06 -8.0063E-07 
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Table 5.41 Mid-span deflections at the end of each time-step for                    
V = 33.90 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.4985E-04 -8.0427E-07 -7.9042E-07 
2.9971E-04 -4.6746E-06 -4.6587E-06 
4.4956E-04 -1.2454E-05 -1.2520E-05 
5.9941E-04 -2.1737E-05 -2.1970E-05 
7.4926E-04 -2.9035E-05 -2.9533E-05 
8.9912E-04 -3.1774E-05 -3.2529E-05 
1.0490E-03 -3.0544E-05 -3.1391E-05 
1.1988E-03 -2.8335E-05 -2.9097E-05 
1.3487E-03 -2.8276E-05 -2.8787E-05 
1.4985E-03 -3.1468E-05 -3.1827E-05 
1.6484E-03 -3.5714E-05 -3.6058E-05 
1.7982E-03 -3.7722E-05 -3.8325E-05 
1.9481E-03 -3.4945E-05 -3.5911E-05 
2.0979E-03 -2.7946E-05 -2.8995E-05 
2.2478E-03 -1.9799E-05 -2.0572E-05 
2.3976E-03 -1.3915E-05 -1.4058E-05 
2.5475E-03 -1.1821E-05 -1.1431E-05 
2.6973E-03 -1.1695E-05 -1.1190E-05 
2.8472E-03 -1.0302E-05 -1.0166E-05 
2.9971E-03 -4.9537E-06 -5.4381E-06 
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Table 5.42 Mid-span deflections at the end of each time-step for                    
V = 50.40 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.0079E-04 -3.4231E-07 -3.2905E-07 
2.0159E-04 -2.3610E-06 -2.3218E-06 
3.0238E-04 -7.3071E-06 -7.2933E-06 
4.0317E-04 -1.4898E-05 -1.4951E-05 
5.0397E-04 -2.4073E-05 -2.4250E-05 
6.0476E-04 -3.2894E-05 -3.3326E-05 
7.0556E-04 -3.9221E-05 -3.9924E-05 
8.0635E-04 -4.1953E-05 -4.2959E-05 
9.0714E-04 -4.0625E-05 -4.1885E-05 
1.0079E-03 -3.6284E-05 -3.7577E-05 
1.1087E-03 -3.0696E-05 -3.1798E-05 
1.2095E-03 -2.5658E-05 -2.6361E-05 
1.3103E-03 -2.2812E-05 -2.3051E-05 
1.4111E-03 -2.2283E-05 -2.2192E-05 
1.5119E-03 -2.3299E-05 -2.2991E-05 
1.6127E-03 -2.4279E-05 -2.4067E-05 
1.7135E-03 -2.3220E-05 -2.3340E-05 
1.8143E-03 -1.9069E-05 -1.9551E-05 
1.9151E-03 -1.1508E-05 -1.2394E-05 
2.0159E-03 -1.4940E-06 -2.4434E-06 
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Table 5.43 Mid-span deflections at the end of each time-step for                    
V = 74.80 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
6.7914E-05 -1.1130E-07 -1.0225E-07 
1.3583E-04 -9.9026E-07 -9.4546E-07 
2.0374E-04 -3.6239E-06 -3.5686E-06 
2.7166E-04 -8.2322E-06 -8.2232E-06 
3.3957E-04 -1.4689E-05 -1.4698E-05 
4.0749E-04 -2.2830E-05 -2.2926E-05 
4.7540E-04 -3.1561E-05 -3.1862E-05 
5.4332E-04 -3.9821E-05 -4.0301E-05 
6.1123E-04 -4.6700E-05 -4.7458E-05 
6.7914E-04 -5.0882E-05 -5.1996E-05 
7.4706E-04 -5.1744E-05 -5.3011E-05 
8.1497E-04 -4.9251E-05 -5.0650E-05 
8.8289E-04 -4.3435E-05 -4.4980E-05 
9.5080E-04 -3.5092E-05 -3.6537E-05 
1.0187E-03 -2.5379E-05 -2.6630E-05 
1.0866E-03 -1.5133E-05 -1.6167E-05 
1.1545E-03 -5.6642E-06 -6.1619E-06 
1.2225E-03 2.0616E-06 2.0591E-06 
1.2904E-03 7.7893E-06 8.2211E-06 
1.3583E-03 1.1134E-05 1.2130E-05 
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Table 5.44 Mid-span deflections at the end of each time-step for                    
V = 99.60 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
5.1004E-05 -3.3855E-08 -2.8884E-08 
1.0201E-04 -4.3750E-07 -3.9853E-07 
1.5301E-04 -1.9533E-06 -1.8749E-06 
2.0402E-04 -4.9268E-06 -4.8872E-06 
2.5502E-04 -9.2067E-06 -9.2056E-06 
3.0602E-04 -1.4994E-05 -1.4978E-05 
3.5703E-04 -2.2149E-05 -2.2237E-05 
4.0803E-04 -2.9890E-05 -3.0160E-05 
4.5904E-04 -3.7711E-05 -3.8113E-05 
5.1004E-04 -4.5075E-05 -4.5642E-05 
5.6104E-04 -5.1024E-05 -5.1807E-05 
6.1205E-04 -5.4849E-05 -5.5817E-05 
6.6305E-04 -5.6404E-05 -5.7434E-05 
7.1406E-04 -5.5231E-05 -5.6530E-05 
7.6506E-04 -5.0960E-05 -5.2508E-05 
8.1606E-04 -4.4008E-05 -4.5551E-05 
8.6707E-04 -3.4648E-05 -3.6247E-05 
9.1807E-04 -2.3143E-05 -2.4808E-05 
9.6908E-04 -1.0327E-05 -1.1779E-05 
1.0201E-03 2.8445E-06 1.8119E-06 
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Table 5.45 Mid-span deflections at the end of each time-step for                    
V = 126.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
4.0317E-05 -4.5125E-09 -2.6636E-09 
8.0635E-05 -1.7471E-07 -1.4672E-07 
1.2095E-04 -1.0460E-06 -9.5958E-07 
1.6127E-04 -3.0583E-06 -2.9760E-06 
2.0159E-04 -6.0638E-06 -6.0593E-06 
2.4190E-04 -1.0059E-05 -1.0059E-05 
2.8222E-04 -1.5311E-05 -1.5301E-05 
3.2254E-04 -2.1577E-05 -2.1671E-05 
3.6286E-04 -2.8302E-05 -2.8589E-05 
4.0317E-04 -3.5106E-05 -3.5521E-05 
4.4349E-04 -4.1810E-05 -4.2152E-05 
4.8381E-04 -4.7884E-05 -4.8369E-05 
5.2413E-04 -5.2634E-05 -5.3364E-05 
5.6444E-04 -5.5928E-05 -5.6704E-05 
6.0476E-04 -5.7544E-05 -5.8414E-05 
6.4508E-04 -5.6942E-05 -5.8086E-05 
6.8540E-04 -5.3796E-05 -5.5261E-05 
7.2571E-04 -4.8262E-05 -4.9773E-05 
7.6603E-04 -4.0482E-05 -4.2003E-05 
8.0635E-04 -3.0284E-05 -3.2075E-05 
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Table 5.46 Mid-span deflections at the end of each time-step for                    
V = 193.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
2.6321E-05 7.8385E-09 6.5329E-09 
5.2642E-05 1.7648E-08 2.1403E-08 
7.8964E-05 -1.5862E-07 -1.0517E-07 
1.0528E-04 -9.4176E-07 -8.0614E-07 
1.3161E-04 -2.5214E-06 -2.3962E-06 
1.5793E-04 -4.6882E-06 -4.6666E-06 
1.8425E-04 -7.3346E-06 -7.3954E-06 
2.1057E-04 -1.0521E-05 -1.0642E-05 
2.3689E-04 -1.4350E-05 -1.4441E-05 
2.6321E-04 -1.8799E-05 -1.8860E-05 
2.8953E-04 -2.3437E-05 -2.3601E-05 
3.1585E-04 -2.7994E-05 -2.8274E-05 
3.4218E-04 -3.2561E-05 -3.2811E-05 
3.6850E-04 -3.7185E-05 -3.7326E-05 
3.9482E-04 -4.1733E-05 -4.1810E-05 
4.2114E-04 -4.5812E-05 -4.6034E-05 
4.4746E-04 -4.9005E-05 -4.9568E-05 
4.7378E-04 -5.1237E-05 -5.1976E-05 
5.0010E-04 -5.2571E-05 -5.3209E-05 
5.2642E-04 -5.2754E-05 -5.3387E-05 
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Table 5.47 Mid-span deflections at the end of each time-step for                    
V = 255.00 m/s 
Time at the end of each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
1.9922E-05 5.2512E-09 3.8422E-09 
3.9843E-05 3.4230E-08 2.8756E-08 
5.9765E-05 4.4038E-08 5.8178E-08 
7.9686E-05 -2.2247E-07 -1.2186E-07 
9.9608E-05 -1.0857E-06 -9.0248E-07 
1.1953E-04 -2.5548E-06 -2.4132E-06 
1.3945E-04 -4.4578E-06 -4.4167E-06 
1.5937E-04 -6.6742E-06 -6.7590E-06 
1.7929E-04 -9.0448E-06 -9.3251E-06 
1.9922E-04 -1.1582E-05 -1.1905E-05 
2.1914E-04 -1.4468E-05 -1.4542E-05 
2.3906E-04 -1.7720E-05 -1.7622E-05 
2.5898E-04 -2.1182E-05 -2.1093E-05 
2.7890E-04 -2.4675E-05 -2.4708E-05 
2.9882E-04 -2.8085E-05 -2.8275E-05 
3.1875E-04 -3.1388E-05 -3.1667E-05 
3.3867E-04 -3.4688E-05 -3.4905E-05 
3.5859E-04 -3.8002E-05 -3.7953E-05 
3.7851E-04 -4.0984E-05 -4.0977E-05 
3.9843E-04 -4.3308E-05 -4.3606E-05 
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5.3.2 Verification of Results with Kavipurapu (2005) 
The geometric and material properties used in this part of the analysis are 
from the previous study, Kavipurapu (2005), is glass/epoxy. The properties of 
which are as given in Table 5.48. 
Table 5.48 Dimensions and material properties of glass/epoxy composite 
beam 
Length, L 0.1018 m 
Width, b 0.00635 m 
Thickness, h 0.00635 m 
Density, ρ 1389.297 kg/m3 
Longitudinal Modulus of Elasticity, E1 1.448 x 1011 N/m2 
Longitudinal Modulus of Elasticity, E2 9.650 x 109 N/m2 
Transverse Modulus of Elasticity, G12 4.136 x 109 N/m2 
Transverse Modulus of Elasticity, G13 4.136 x 109 N/m2 
Transverse Modulus of Elasticity, G23 3.447 x 109 N/m2 
Poisson ratio, ν12 0.25 
 The analysis is done on a symmetric cross-ply laminated beam, [0/90]s, 
with four layers each having the same thickness and a total thickness of 6.35 
mm. Kavipurapu‘s results are from an ANSYS model, which uses the first-order 
shear deformation theory (FSDT). The present results are based on both CLPT 
and FSDT.  
A static analysis is run first, with a load of P = -4.45 N applied at the mid-
span of the beam and the results are listed in Table 5.49. 
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Table 5.49 Mid-span static deflection of [0/90]s glass/epoxy composite 
beam 
Kavipurapu (2005) 
Present study 
CLPT FSDT 
-6.5532 x 10-6 m -5.5995 x 10-6 m -6.4694 x 10-6 m 
By modal analysis, it is found that the simply-supported composite beam has a 
fundamental time period of Tf = 3.1877 × 10-4 s. Table 5.50 lists the different total 
times and time-steps with their corresponding velocities. These are used to 
achieve the dynamic magnification factors for comparison with Kavipurapu. Table 
5.50 lists the time-steps with the corresponding velocities for comparison with 
Kavipurapu.  
Table 5.50 Moving load velocities and time steps for [0/90]s glass/epoxy 
composite beam 
Velocity 
(m/s) Tf /T 
Composite Beam 
T (s) Δt (s) 
15.6 0.125 6.5128 x 10-3 3.2564 x 10-4 
31.2 0.25 3.2564 x 10-3 1.6282 x 10-4 
62.4 0.5 1.6282 x 10-3 0.8141 x 10-4 
93.6 0.75 1.0855 x 10-3 0.5427 x 10-4 
124.8 1 0.8141 x 10-3 0.4071 x 10-4 
156 1.25 0.6513 x 10-3 0.3256 x 10-4 
250 2 0.4064 x 10-3 0.2032 x 10-4 
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Table 5.51, lists the maximum dynamic mid-span deflections at different 
velocities. 
Table 5.51 Maximum dynamic deflections for different velocities 
Velocity (m/s) Δt (s) 
Maximum mid-span dynamic deflections (m) 
Present study 
CLPT FSDT 
15.6 3.2564 x 10-4 -5.7086 x 10-6 -6.6455 x 10-6 
31.2 1.6282 x 10-4 -5.8355 x 10-6 -6.7192 x 10-6 
62.4 0.8141 x 10-4 -6.2232 x 10-6 -7.2727 x 10-6 
93.6 0.5427 x 10-4 -6.1844 x 10-6 -6.8065 x 10-6 
124.8 0.4071 x 10-4 -6.7191 x 10-6 -7.9228 x 10-6 
156 0.3256 x 10-4 -7.7366 x 10-6 -9.1275 x 10-6 
250 0.2032 x 10-4 -9.3213 x 10-6 -10.7221 x 10-6 
The dynamic magnification factors for CLPT and FSDT for a moving load 
on a symmetric cross-ply glass/epoxy composite beam are listed in Table 5.52 
and are plotted in Figure 5.34. 
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Table 5.52 Dynamic magnification factors for different velocities 
Velocity (m/s) Δt (s) 
Dynamic magnification factors 
Present study 
CLPT FSDT 
15.6 3.2564 x 10-4 1.019 1.027 
31.2 1.6282 x 10-4 1.042 1.038 
62.4 0.8141 x 10-4 1.111 1.124 
93.6 0.5427 x 10-4 1.104 1.052 
124.8 0.4071 x 10-4 1.200 1.225 
156 0.3256 x 10-4 1.382 1.411 
250 0.2032 x 10-4 1.665 1.657 
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Figures 5.35 to 5.41 show the dynamic deflections for the load of P = -4.45 
N moving at the velocities of 15.6 m/s, 31.2 m/s, 62.4 m/s, 93.6 m/s, 124.8 m/s, 
156.0 m/s and 250 m/s. These graphs include three plots, two are from the 
present study, namely, for CLPT and FSDT, and the third is taken from 
Kavipurapu (2005). The graphs from Kavipurapu (2005) study are read through 
the program called DigitizeIt. Tables 5.53 to 5.59 list the values of the mid-span 
dynamic deflections at the end of each time step at different velocities for the 
above composite beam. 
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Table 5.53 Mid-span deflections at the end of each time-step for                     
V = 15.6 m/s 
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
3.2564E-04 -7.3553E-07 -7.9824E-07 
6.5128E-04 -1.8153E-06 -2.0264E-06 
9.7692E-04 -2.3095E-06 -2.5621E-06 
1.3026E-03 -3.2359E-06 -3.5719E-06 
1.6282E-03 -3.9094E-06 -4.4006E-06 
1.9538E-03 -4.2996E-06 -4.7867E-06 
2.2795E-03 -5.0796E-06 -5.7174E-06 
2.6051E-03 -5.1903E-06 -5.9349E-06 
2.9308E-03 -5.5200E-06 -6.2546E-06 
3.2564E-03 -5.7086E-06 -6.6456E-06 
3.5821E-03 -5.3665E-06 -6.1435E-06 
3.9077E-03 -5.4250E-06 -6.0986E-06 
4.2333E-03 -4.8743E-06 -5.5869E-06 
4.5590E-03 -4.3786E-06 -4.8154E-06 
4.8846E-03 -3.9939E-06 -4.4891E-06 
5.2103E-03 -3.0274E-06 -3.4122E-06 
5.5359E-03 -2.5439E-06 -2.7097E-06 
5.8615E-03 -1.6652E-06 -1.9678E-06 
6.1872E-03 -7.3090E-07 -7.3768E-07 
6.5128E-03 -1.5691E-07 -1.4743E-07 
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Table 5.54 Mid-span deflections at the end of each time-step for                    
V = 31.2 m/s 
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
6.5128E-04 -5.3685E-07 -5.5963E-07 
8.1410E-04 -1.8471E-06 -2.0240E-06 
9.7692E-04 -2.6445E-06 -3.0035E-06 
1.1397E-03 -2.8899E-06 -3.2239E-06 
1.3026E-03 -3.8550E-06 -4.1933E-06 
1.4654E-03 -4.7545E-06 -5.3642E-06 
1.6282E-03 -4.7595E-06 -5.4968E-06 
1.7910E-03 -5.1040E-06 -5.6687E-06 
1.9538E-03 -5.8355E-06 -6.5855E-06 
2.1167E-03 -5.6338E-06 -6.7192E-06 
2.2795E-03 -5.2297E-06 -5.9892E-06 
2.4423E-03 -5.4722E-06 -5.9661E-06 
2.6051E-03 -5.1415E-06 -5.9416E-06 
2.7679E-03 -4.1543E-06 -4.8526E-06 
2.9308E-03 -3.8375E-06 -3.9943E-06 
3.0936E-03 -3.5009E-06 -3.8425E-06 
3.2564E-03 -2.2903E-06 -2.8870E-06 
6.5128E-04 -1.4516E-06 -1.4722E-06 
8.1410E-04 -1.1310E-06 -9.4057E-07 
9.7692E-04 -3.4811E-08 -3.7097E-07 
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Table 5.55 Mid-span deflections at the end of each time-step for                    
V = 62.4 m/s  
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
8.1410E-05 -2.4995E-07 -2.3935E-07 
1.6282E-04 -1.2444E-06 -1.2743E-06 
2.4423E-04 -2.7649E-06 -2.9823E-06 
3.2564E-04 -3.8622E-06 -4.3507E-06 
4.0705E-04 -4.0837E-06 -4.7781E-06 
4.8846E-04 -3.9814E-06 -4.6174E-06 
5.6987E-04 -4.4378E-06 -4.8576E-06 
6.5128E-04 -5.4684E-06 -5.8858E-06 
7.3269E-04 -6.2232E-06 -6.9964E-06 
8.1410E-04 -6.0181E-06 -7.2727E-06 
8.9551E-04 -5.2084E-06 -6.3905E-06 
9.7692E-04 -4.7378E-06 -5.3824E-06 
1.0583E-03 -4.9149E-06 -5.0503E-06 
1.1397E-03 -5.0692E-06 -5.2752E-06 
1.2212E-03 -4.3810E-06 -5.1364E-06 
1.3026E-03 -3.0039E-06 -3.9820E-06 
1.3840E-03 -1.8326E-06 -2.3269E-06 
1.4654E-03 -1.4383E-06 -1.0921E-06 
1.5468E-03 -1.3152E-06 -7.5209E-07 
1.6282E-03 -5.8093E-07 -5.9907E-07 
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Table 5.56 Mid-span deflections at the end of each time-step for                    
V = 93.6 m/s  
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
5.4274E-05 -1.2428E-07 -1.0887E-07 
1.0855E-04 -7.3486E-07 -7.0807E-07 
1.6282E-04 -1.9921E-06 -2.0469E-06 
2.1709E-04 -3.5496E-06 -3.7798E-06 
2.7137E-04 -4.8626E-06 -5.3769E-06 
3.2564E-04 -5.4657E-06 -6.3245E-06 
3.7991E-04 -5.3508E-06 -6.3958E-06 
4.3419E-04 -4.9251E-06 -5.9739E-06 
4.8846E-04 -4.7116E-06 -5.5286E-06 
5.4274E-04 -5.0264E-06 -5.5335E-06 
5.9701E-04 -5.6734E-06 -5.9760E-06 
6.5128E-04 -6.1844E-06 -6.5462E-06 
7.0556E-04 -6.0427E-06 -6.8065E-06 
7.5983E-04 -5.1101E-06 -6.2517E-06 
8.1410E-04 -3.7078E-06 -4.9027E-06 
8.6838E-04 -2.3888E-06 -3.2042E-06 
9.2265E-04 -1.6264E-06 -1.6883E-06 
9.7692E-04 -1.4163E-06 -8.4212E-07 
1.0312E-03 -1.3820E-06 -6.1380E-07 
1.0855E-03 -9.6963E-07 -5.6685E-07 
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Table 5.57 Mid-span deflections at the end of each time-step for                    
V = 124.8 m/s 
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
4.0705E-05 -6.7243E-08 -5.3058E-08 
8.1410E-05 -4.4948E-07 -4.0464E-07 
1.2212E-04 -1.3578E-06 -1.3430E-06 
1.6282E-04 -2.7109E-06 -2.7948E-06 
2.0353E-04 -4.2737E-06 -4.5101E-06 
2.4423E-04 -5.6627E-06 -6.2111E-06 
2.8494E-04 -6.5225E-06 -7.4176E-06 
3.2564E-04 -6.7191E-06 -7.9228E-06 
3.6635E-04 -6.2791E-06 -7.7490E-06 
4.0705E-04 -5.4993E-06 -6.9457E-06 
4.4776E-04 -4.7218E-06 -5.8349E-06 
4.8846E-04 -4.2361E-06 -4.8841E-06 
5.2917E-04 -4.1887E-06 -4.3060E-06 
5.6987E-04 -4.4222E-06 -4.2390E-06 
6.1058E-04 -4.6679E-06 -4.4506E-06 
6.5128E-04 -4.5736E-06 -4.5885E-06 
6.9199E-04 -3.8891E-06 -4.3844E-06 
7.3269E-04 -2.6192E-06 -3.5482E-06 
7.7340E-04 -9.3613E-07 -2.0554E-06 
8.1410E-04 7.7977E-07 -1.8706E-07 
 
 
 
168 
 
 
 
 
 
0
1
2
3
4
5
6
7
8
x 
10
-4
-1
2
-1
0-8-6-4-202
x 
10
-6
Tim
e 
/ s
Mid-Span Deflection / m
 
 
CL
PT
FS
DT
Ka
vip
ur
ap
u 
(2
00
5)
Fi
gu
re
 5
.4
1 
D
yn
am
ic
 m
id
-s
pa
n 
de
fle
ct
io
ns
 a
t V
 =
 1
56
 m
/s
 
169 
 
Table 5.58 Mid-span deflections at the end of each time-step for V = 156 m/s 
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
3.2564E-05 -3.8352E-08 -2.6722E-08 
6.5128E-05 -2.8788E-07 -2.3808E-07 
9.7692E-05 -9.4496E-07 -8.9489E-07 
1.3026E-04 -2.0131E-06 -2.0351E-06 
1.6282E-04 -3.4125E-06 -3.5054E-06 
1.9538E-04 -4.9556E-06 -5.2336E-06 
2.2795E-04 -6.3321E-06 -6.9321E-06 
2.6051E-04 -7.3268E-06 -8.2263E-06 
2.9308E-04 -7.7366E-06 -9.0234E-06 
3.2564E-04 -7.4875E-06 -9.1275E-06 
3.5821E-04 -6.6981E-06 -8.3553E-06 
3.9077E-04 -5.5365E-06 -7.0932E-06 
4.2333E-04 -4.2936E-06 -5.5692E-06 
4.5590E-04 -3.2326E-06 -4.0065E-06 
4.8846E-04 -2.4889E-06 -2.7214E-06 
5.2103E-04 -2.1441E-06 -1.8732E-06 
5.5359E-04 -2.0956E-06 -1.4095E-06 
5.8615E-04 -2.1356E-06 -1.2874E-06 
6.1872E-04 -2.0706E-06 -1.3780E-06 
6.5128E-04 -1.6471E-06 -1.2678E-06 
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Table 5.59 Mid-span deflections at the end of each time-step for V = 250 m/s 
Time at the end of 
each load step (s) 
Mid-span dynamic deflection (m) 
CLPT FSDT 
0 0 0 
2.0320E-05 -7.3528E-09 -2.8800E-09 
4.0640E-05 -8.6887E-08 -4.8592E-08 
6.0960E-05 -3.7086E-07 -2.7666E-07 
8.1280E-05 -9.1271E-07 -8.4212E-07 
1.0160E-04 -1.6901E-06 -1.7034E-06 
1.2192E-04 -2.7366E-06 -2.7558E-06 
1.4224E-04 -4.0007E-06 -4.0816E-06 
1.6256E-04 -5.3396E-06 -5.6500E-06 
1.8288E-04 -6.6692E-06 -7.2106E-06 
2.0320E-04 -7.8694E-06 -8.6187E-06 
2.2352E-04 -8.7623E-06 -9.6762E-06 
2.4384E-04 -9.2558E-06 -1.0412E-05 
2.6416E-04 -9.3213E-06 -1.0722E-05 
2.8448E-04 -8.8721E-06 -1.0425E-05 
3.0480E-04 -7.9074E-06 -9.6562E-06 
3.2512E-04 -6.5243E-06 -8.4351E-06 
3.4544E-04 -4.7627E-06 -6.6839E-06 
3.6576E-04 -2.7276E-06 -4.4985E-06 
3.8608E-04 -6.0055E-07 -2.1265E-06 
4.0640E-04 1.4896E-06 3.4869E-07 
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5.4 Hygrothermal Analysis of Composite Beams 
 In this part, the hygrothermal effects are included to verify the 
hygrothermal aspect of the moving-load problem. As seen in Chapter 2, the 
empirical formula for degrading the matrix properties due to a hygrothermal 
environment is due to Chamis (1983), then micromechanics formulas, as given in 
Chapter 2, are used to calculate the modified ply elastic constants. For 
verification, a cross-ply [04/904]T laminate of dimensions similar to that of the 
previous authors, Kavipurapu (2005), Vennam (2006) and Uphadyay (2000), is 
considered. This beam is subjected to a uniformly distributed load Owens-
Corning S2 Glass-Fiber and Hercules 3501-6 Epoxy Matrix are considered with 
the material properties as given by Cairns and Adams (1983). The dimensions, 
material properties of the fiber and matrix, dry and wet temperatures of the epoxy 
and other properties are given in Tables 5.60 and 5.61.  
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Table 5.60 Dimensions, material properties and temperatures of 
glass/epoxy composite beam 
Length, L 0.2286 m 
Width, b 0.0381 m 
Total Thickness, h 0.001016 m 
Density, ρ 1389.297 kg/m3 
Moisture Content, m 5% 
Fiber Volume Fraction, Vf 0.52 
Dry Resin Glass Transition Temperature, Tgdr 215.556 °C 
Wet Resin Glass Transition Temperature, Tgwr 134.723 °C 
Initial Dry Temperature, T0 22.222 °C 
Final Wet Temperature, T 67.889 °C 
Table 5.61 Material properties of S2 glass-fiber and hercules 3501-6 epoxy 
matrix 
Material Property Owens-Corning S2 Glass-Fiber 
Hercules 3501-6 
Epoxy Matrix 
(Room 
Temperature, 
Dry) 
Modulus of Elasticity, E  86.2 GPa 4.27 GPa 
Shear Modulus, G 35.3 GPa 1.59 GPa 
Poisson’s ratio, ν 0.22 0.34 
 The lamina properties of the glass/epoxy composite for a fiber-volume 
fraction of 0.52 under dry and hygrothermal conditions are calculated based on 
micromechanics and listed in Table 5.62.. 
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Table 5.62 Material properties for fiber volume fraction, Vf = 0.52 
Property Dry condition Hygrothermal condition 
Longitudinal modulus, E1 46.8736 GPa 46.0291 GPa 
Transverse modulus, E2 8.4428 GPa 5.0704 GPa 
In-plane shear modulus, G12 3.1584 GPa 1.8933 GPa 
Transverse shear Modulus, G13 3.1584 GPa 1.8933 GPa 
Major in-plane Poisson’s Ratio, 
ν12 
0.2776 0.2776 
 Two different beams, namely, pinned-pinned and clamped-clamped, under 
a uniformly distributed load. The mid-span deflections are computed under both 
dry and hygrothermal environments.  
 5.4.1 Pinned-pinned laminate under uniformly distributed load 
For CLPT, the boundary conditions of a pinned-pinned laminate are:  
     on both the left and the right ends of the beam. 
For FSDT, the boundary conditions of a pinned-pinned laminate are:  
   on both ends. 
5.4.1.1 Dry Condition 
The moisture content and the dry room-temperature are taken as 0% and 
22.22 °C, respectively. The mid-span deflection under a uniformly distributed load 
is computed and presented in Table 5.63; as a verification, results from previous 
authors are also included. 
0=== ywwu
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Table 5.63 Mid-span deflection of a pinned-pinned laminate under uniformly 
distributed load in dry condition 
Load 
Mid-span deflection (m) 
Kavipurapu 
(2005)  
Uphadyay 
(2000) 
Present study 
Exact 
CLPT FSDT 
40 N/m2 6.3246E-4 6.3500E-4 6.5379E-4 6.5379E-4 6.4609E-4 
5.4.1.2 Hygrothermal Condition 
 The moisture content and the operating temperature are taken as 5% and 
67.89°C, respectively. The mid-span deflection under a Uniformly Distributed 
Load for hygrothermal environment is noted in the table below and compared 
with that of the previous authors. 
Table 5.64 Mid-span deflection of a pinned-pinned laminate under uniformly 
distributed load in dry conditions 
Load 
Mid-span deflection (m) 
Kavipurapu 
(2005) 
Uphadyay 
(2000) 
Present study 
Exact 
CLPT FSDT 
40 N/m2 7.1120E-4 7.1120E-4 7.5384E-4 7.5384E-4 7.4903E-4 
5.4.2 Clamped-clamped laminate under uniformly distributed load 
For CLPT, the boundary conditions of a clamped-clamped laminate are:  
    on both the left and right ends of the beam. 
For FSDT, the boundary conditions of a clamped-clamped laminate are: as 
follows. 
0==ʹ′== ywwwu
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   on both the left and right-end of the 
beam. 
5.4.2.1 Dry Condition 
The moisture content and the temperature are taken as 0% and 22.22 °C, 
respectively. The mid-span deflection under a uniformly distributed load is 
presented in table 5.65 and compared with that of the previous authors. 
Table 5.65 Mid-span deflection for a clamped-clamped laminate under 
uniformly distributed load in dry conditions 
Load 
Mid-span Deflections (m) 
Kavipurapu 
(2005) 
Uphadyay 
(2000) 
Present study 
Exact 
CLPT FSDT 
50N/m2 2.1000E-4 2.2400E-4 2.3007E-4 2.3007E-4 2.2737E-4 
 
5.4.2.2 Hygrothermal Condition 
 The moisture content and the operating temperature are taken as 5% and 
67.89°C, respectively. The mid-span deflection under a uniformly distributed load 
for hygrothermal environment is presented in Table 5.66 and compared with that 
of the previous authors. 
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Table 5.66 Mid-span deflection for a clamped-clamped laminate under 
uniformly distributed load in hygrothermal conditions 
Load 
Mid-span Deflections (m) 
Kavipurapu 
(2005) 
Uphadyay 
(2000) 
Present study 
Exact 
CLPT FSDT 
50N/m2 3.2004E-4 3.0480E-4 3.0667E-4 3.0667E-4 3.0473E-4 
5.5 Stress Analysis on Composite Beams 
 In this section, the ply stresses at a cross section are computed based on 
both CLPT and FSDT. The examples considered are a cross-ply laminate, [0/90]s 
from Borovkov et al. (1999) as well as two symmetrical composite beams with 
the laminate stacking sequence of  [0/45/-45/90]s and [90/45/-45/0]s from Reddy 
(1997).  
5.5.1 Result verification with Borovkov et al. (1999) 
The geometric and material properties used by Borovkov et al. (1999) are 
reproduced in Table 5.67. 
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Table 5.67 Dimensions and material properties of composite beam 
Length, L 1 m 
Width, b 0.01 m 
Thickness, h 0.1 m 
Density, ρ 1600 kg/m3 
Longitudinal Modulus of Elasticity, E1 25 GPa 
Longitudinal Modulus of Elasticity, E2 1 GPa 
Transverse Modulus of Elasticity, G12 0.5 GPa 
Transverse Modulus of Elasticity, G13 0.5 GPa 
Transverse Modulus of Elasticity, G23 0.2 GPa 
Poisson’s ratio, ν12 0.25 
 The analysis is done on a symmetric cross-ply clamped-clamped 
laminated beam, [0/90]s, with four layers, each having the same thickness and a 
total thickness of 10 mm. A uniformly distributed load of q0 = -10 KN/m2 is applied 
along the length of the beam. Borovkov et al. present results at L/4 of the beam 
in terms of non-dimensional stresses defined as 
          (5.3) 
where 	  is the normal stress and 	  is the non-dimensional normal stress . 
For CLPT, the boundary conditions of a clamped-clamped laminate are:  
    on the left-end of the beam 
     on the right-end of the beam 
0
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For FSDT, the boundary conditions of a clamped-clamped laminate are:  
   on the left-end of the beam 
     on the right-end of the beam 
 The stress distribution, σx , along the cross-section of the beam at the 
quarter span of the beam, using both CLPT and FSDT, are shown in Figure 5.42 
and listed in Table 5.68. 
Table 5.68 Normal stress along the cross-section of a [0/90]s laminated 
composite beam 
Ply 
Present study 
(N/m2) 
CLPT FSDT 
0° 
(Top of 
Laminate) 
Top -7.1057E+04 -7.0967E+04 
Bottom -3.5517E+04 -3.5427E+04 
90° 
Top -1.3994E+03 -1.3958E+03 
Bottom 9.0356E-01 4.4739E+00 
90° 
Top 9.0356E-01 4.4739E+00 
Bottom 1.4012E+03 1.4047E+03 
0° 
(Bottom of 
Laminate) 
Top 3.5563E+04 3.5652E+04 
Bottom 7.1102E+04 7.1192E+04 
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Figure 5.43 Normal longitudinal stress distribution, , for a [0/90]s 
laminated composite beam 
The non-dimensional normal stresses, ,	  calculated by Equation (5.3) at 
various points across the thickness is listed in Table 5.69. These are used for 
comparison with Borovkov et al. (1999). The comparison is shown in Figure 5.43 
and it can be seen that the results are in excellent agreement.  
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Figure 5.44 Non-dimensional normal stress distribution, , for a [0/90]s 
laminated composite beam 
Table 5.69 Non-dimensional normal stress along the cross-section of a 
[0/90]s laminated composite beam 
Ply 
 
Present study 
CLPT FSDT 
0° 
(Top of Laminate) 
Top -0.7106 -0.7097 
Bottom -0.3552 -0.3543 
90° 
Top -0.014 -0.014 
Bottom 0 0 
90° 
Top 0 0 
Bottom 0.014 0.014 
0° 
(Bottom of 
Laminate) 
Top 0.3556 0.3565 
Bottom 0.7110 0.7119 
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5.5.2 Result Verification with Reddy (1997) 
 The geometric and material properties from Reddy (1997) are given in 
Table 5.70. 
Table 5.70 Dimensions and material properties of composite beam 
Length, L 1 m 
Width, b 0.2 m 
Thickness, h 0.1 m 
Density, ρ 1600 kg/m3 
Longitudinal Modulus of Elasticity, E1 175 GPa 
Longitudinal Modulus of Elasticity, E2 7 GPa 
Transverse Modulus of Elasticity, G12 3.5 GPa 
Transverse Modulus of Elasticity, G13 3.5 GPa 
Transverse Modulus of Elasticity, G23 1.4 GPa 
Poisson ratio, ν12 0.25 
 The analysis is done on two different laminate stacking sequences, 
[0/±45/90]s and [90/±45/0]s, with eight layers each having the same thickness and 
a total thickness of 10 mm. A load of 1 N/m is applied at the mid-span of the 
beam. Reddy presents mid-span non-dimensional stress as, 
          (5.4) 
where 	  is the normal longitudinal stress and is the non-dimensional normal 
stress. 
0F
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σ
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 In this case, the laminate is simply-supported and the load is applied at 
mid-span. The boundary conditions for a simply-supported laminate using CLPT 
are: 
    on the left-end of the beam 
      on the right-end of the beam 
For FSDT, the boundary conditions of a simply-supported laminate are:  
   on the left-end of the beam 
      on the right-end of the beam 
5.5.2.1 [0/±45/90]s Laminated Composite Beam 
Analysis on a [0/±45/90]s is run and the stress distribution, , along the 
cross-section of the beam, using both CLPT and FSDT, are shown in Figure 5.44 
and listed in Table 5.71. 
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Table 5. 71 Normal stresses along the cross-section of a [0/±45/90]s 
laminated composite beam 
Ply 
Present study 
 (N/m2) 
CLPT FSDT 
0° 
(Top of Laminate) 
Top 2.3426E+02 2.3426E+02 
Bottom 1.7569E+02 1.7569E+02 
45° 
Top 1.8833E+01 1.8833E+01 
Bottom 1.2556E+01 1.2556E+01 
-45° 
Top 1.6302E+01 1.6302E+01 
Bottom 8.1512E+00 8.1512E+00 
90° 
Top 1.9671E+00 1.9671E+00 
Bottom 0 0 
90° 
Top 0 0 
Bottom -1.9671E+00 -1.9671E+00 
-45° 
Top -8.1512E+00 -8.1512E+00 
Bottom -1.6302E+01 -1.6302E+01 
45° 
Top -1.2556E+01 -1.2556E+01 
Bottom -1.8833E+01 -1.8833E+01 
0° 
(Bottom of 
Laminate) 
Top -1.7569E+02 -1.7569E+02 
Bottom -2.3426E+02 -2.3426E+02 
xσ
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Figure 5.45 Normal stress distribution,  , for a [0/±45/-45/90]s laminated 
composite beam 
The non-dimensional normal stress, ,	   calculated by Equation (5.4) is 
listed in Table 5.72. These are used for comparison with Reddy (1997). The 
comparison is shown in Figure 5.45 also. It can be seen that the results are in 
excellent agreement,  
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Figure 5.46 Non-dimensional normal longitudinal stress distribution,  , 
for a [0/±45/90]s laminated composite beam 
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Table 5.72 Non-dimensional normal stress along the cross-section of a 
[0/45/-45/90]s laminated composite beam 
Ply 
 
Present study 
CLPT FSDT 
0° 
(Top of Laminate) 
Top 4.6851 4.6851 
Bottom 3.5139 3.5139 
45° 
Top 0.3767 0.3767 
Bottom 0.2511 0.2511 
-45° 
Top 0.3260 0.3260 
Bottom 0.1630 0.1630 
90° 
Top 0.0393 0.0393 
Bottom 0 0 
90° 
Top 0 0 
Bottom -0.0393 -0.0393 
-45° 
Top -0.1630 -0.1630 
Bottom -0.3260 -0.3260 
45° 
Top -0.2511 -0.2511 
Bottom -0.3767 -0.3767 
0° 
(Bottom of 
Laminate) 
Top -3.5139 -3.5139 
Bottom -4.6851 -4.6851 
 
5.5.2.2 [90/±45/0]s Laminated Composite Beam 
Analysis on a [90/±45/0]s is run and the stress distribution, , along the 
cross-section of the beam, using both CLPT and FSDT are shown in Figure 5.46 
are listed below in Table 5.73. 
xσ
xσ
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Table 5.73 Normal stresses along the cross-section of a [90/±45/0]s 
laminated composite beam 
Ply 
Present study 
 (N/m2) 
CLPT FSDT 
90° 
(Top of Laminate) 
Top 4.2839E+01 4.2839E+01 
Bottom 3.2129E+01 3.2129E+01 
45° 
Top 1.7472E+02 1.7472E+02 
Bottom 1.1648E+02 1.1648E+02 
-45° 
Top 1.6150E+02 1.6150E+02 
Bottom 8.0749E+01 8.0749E+01 
0° 
Top 2.7713E+02 2.7713E+02 
Bottom 0 0 
0° 
Top 0 0 
Bottom -2.7713E+02 -2.7713E+02 
-45° 
Top -8.0749E+01 -8.0749E+01 
Bottom -1.6150E+02 -1.6150E+02 
45° 
Top -1.1648E+02 -1.1648E+02 
Bottom -1.7472E+02 -1.7472E+02 
90° 
(Bottom of 
Laminate) 
Top -3.2129E+01 -3.2129E+01 
Bottom -4.2839E+01 -4.2839E+01 
xσ
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Figure 5.47 Normal longitudinal stress distribution, , for a [90/±45/0]s 
laminated composite beam 
The non-dimensional normal stress, ,	   calculated by Equation (5.4) is 
listed in Table 5.74. These are used for comparison with. Reddy (1997) in Figure 
5.47 with the J. N. Reddy plot read through the program called DigitizeIt. It can 
be once again seen that the results are in excellent agreement.  
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Figure 5.48 Non-dimensional normal longitudinal stress distribution,  , 
for a [90/±45/0]s laminated composite beam 
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Table 5.74 Non-dimensional normal stress along the cross-section of a 
[90/±45/0]s laminated composite beam 
Ply 
 
Present study 
CLPT FSDT 
90° 
(Top of Laminate) 
Top 0.8568 0.8568 
Bottom 0.6426 0.6426 
45° 
Top 3.4944 3.4944 
Bottom 2.3296 2.3296 
-45° 
Top 3.2300 3.2300 
Bottom 1.6150 1.6150 
0° 
Top 5.5426 5.5426 
Bottom 0 0 
0° 
Top 0 0 
Bottom -5.5426 -5.5426 
-45° 
Top -1.6150 -1.6150 
Bottom -3.2300 -3.2300 
45° 
Top -2.3296 -2.3296 
Bottom -3.4944 -3.4944 
90° 
(Bottom of 
Laminate) 
Top -0.6426 -0.6426 
Bottom -0.8568 -0.8568 
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CHAPTER 6 
HYGROTHERMAL ANALYSIS 
 
6.1 Introduction 
In the previous chapter, the verification of the several aspects of the 
problem formulation has been accomplished by judiciously choosing examples. 
These sample problems have vouched for the validity of the finite element model, 
the moving beam simulation, the hygrothermal algorithm, and the computation of 
ply stresses at a given cross section. In this chapter, the focus will be on the 
moving load analysis of composite beams with in dry and hygrothermal 
environments. A parametric analysis is to be conducted by varying the fiber 
volume fraction and considering three different laminate stacking sequences. The 
results will be in the form of dynamic deflections and dynamic magnification 
factors at mid-span.  
6.2 Properties 
It should be noted that hygrothermal conditions mainly affect the matrix 
properties, when it comes to degradation. These degraded matrix properties are 
calculated using the empirical relationship given in Equation (2.44) based on the 
moisture content and the operating temperature.  
In the present study, under both dry and hygrothermal environments, the 
ply properties, E1, ν12 and ρc are calculated using the rule of mixtures [Equations 
(2.46), (2.49) and (2.50)]. The value of E2 is calculated using the Halpin-Tsai 
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Formula [Equation (2.51)] and the value of G12 and G13 are calculated using 
Periodic Microstructure Model given in Equation (2.53). 
 For the present study, the three different lay-ups considered are [0/±20]s, 
[0/90/±45] and [0/90/±30]s. These are analyzed under dry and wet conditions with 
three different fiber volume fractions (Vf), namely, 0.52, 0.6 and 0.7.  
Owens-Corning S2 glass fiber and Hercules 3501-6 epoxy matrix are 
considered with the material properties as given by Cairns and Adams (1983). 
The dry resin glass transition temperature and density for the Hercules 3501-6 
Epoxy are taken from Hyer (1997) and by Hexcel Composites. The density of S2 
Glass Fiber is from Barbero (1999). The dimensions, material properties of the 
fiber and matrix, dry and wet temperatures of the epoxy and other properties are 
given in the following tables.  
Table 6.1 Dimensions, material properties and temperatures of glass/epoxy 
composite beam 
Length, L 1 m 
Width, b 0.05 m 
Total thickness, h  0.07 m 
Moisture content, m  5 % 
Dry resin glass transition temperature, Tgdr 206 °C 
Wet resin glass transition temperature, Tgwr 128.75 °C 
Initial dry temperature, T0 21 °C 
Final wet temperature, T 52 °C 
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Table 6.2 Material properties of S2 glass-fiber and hercules 3501-6 epoxy 
matrix 
Material property Owens-corning S2 glass-fiber 
Hercules 3501-6 
epoxy matrix 
(room 
temperature, dry) 
Modulus of Elasticity, E 86.2 GPa 4.27 GPa 
Longitudinal Shear Modulus, G 35.3 GPa 1.59 GPa 
Density, ρ 2460 kg/m3 1265 kg/m3 
Poisson’s ratio, ν 0.22 0.34 
 The lamina material properties of the glass/epoxy composite are 
calculated using micromechanics for fiber-volume fractions of 0.52, 0.6 and 0.7 
and listed in Tables 6.3 - 6.5,  
Table 6.3 Material properties for fiber volume fraction, Vf = 0.52 
Property Dry condition Hygrothermal condition 
Longitudinal Modulus, E1 46.8736 GPa 46.1441 GPa 
Transverse Modulus, E2 14.7378 GPa 10.1621 GPa 
Longitudinal Shear Modulus, G12 4.4944 GPa 3.0158 GPa 
Transverse Shear Modulus, G13 4.4944 GPa 3.0158 GPa 
In-Plane Poisson’s Ratio, ν12 0.2776 0.2776 
Density, ρc 1886.4 kg/m3 
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Table 6.4 Material properties for fiber volume fraction, Vf = 0.6 
Property Dry condition Hygrothermal condition 
Longitudinal Modulus, E1 53.4280 GPa 52.8201 GPa 
Transverse Modulus, E2 18.0850 GPa 12.6738 GPa 
Longitudinal Shear Modulus, G12 5.4978 GPa 3.7330 GPa 
Transverse Shear Modulus, G13 5.4978 GPa 3.7330 GPa 
In-Plane Poisson’s Ratio, ν12 0.2680 0.2680 
Density, ρc 1982 kg/m3 
Table 6.5 Material properties for fiber volume fraction, Vf = 0.7 
Property Dry condition Hygrothermal condition 
Longitudinal Modulus, E1 61.6210 GPa 61.1651 GPa 
Transverse Modulus, E2 23.9192 GPa 17.2302 GPa 
Longitudinal Shear Modulus, G12 7.3583 GPa 5.1051 GPa 
Transverse Shear Modulus, G13 7.3583 GPa 5.1051 GPa 
In-Plane Poisson’s Ratio, ν12 0.2560 0.2560 
Density, ρc 2101.5 kg/m3 
6.3 Convergence Study 
A convergence study is done to decide on the number of elements to be 
used in the finite element discretization.. This convergence study is done on a 
[0/90/±45] lay-up composite beam with a fiber volume fraction of Vf = 0.52. Both 
static and dynamic analyses are conducted on a simply-supported beam 
subjected to a point load, P = -10 kN. In the static case the load is applied at mid-
span while in the moving-load case, it moves from the left-end of the beam to the 
right-end at V = 30 m/s. For both cases the maximum mid-span deflections are 
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noted and thus the dynamic magnification factors calculated. The number of 
elements considered for this convergence study are 3, 4, 5, 6 and 7. The 
maximum mid-span deflections are plotted in Figure  6.1 and listed in Table 6.6. 
The dynamic magnification factors are shown in Figure 6.2 and Table 6.7. 
	  
Figure 6.1 Maximum mid-span deflections for 3, 4, 5, 6 and 7 elements 
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Figure 6.2 Dynamic magnification factors for 3,4,5,6 and 7 elements 
Table 6.6 Maximum mid-span deflections for 3,4,5,6 and 7 elements 
Number of 
elements 
Maximum mid-span deflections (m) 
Static analysis Dynamic analysis 
CLPT FSDT CLPT FSDT 
3 -6.1225E-03 -6.3313E-03 -6.8095E-03 -7.0181E-03 
4 -6.1237E-03 -6.3366E-03 -6.8428E-03 -7.1066E-03 
5 -6.1235E-03 -6.3352E-03 -7.0056E-03 -7.2178E-03 
6 -6.1237E-03 -6.3377E-03 -7.0549E-03 -7.2969E-03 
7 -6.1237E-03 -6.3366E-03 -7.0404E-03 -7.3039E-03 
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Table 6.7 Dynamic magnification factors for 3,4,5,6 and 7 elements 
No. of elements 
Dynamic magnification factors 
CLPT FSDT 
3 1.112 1.109 
4 1.117 1.122 
5 1.144 1.139 
6 1.152 1.151 
7 1.150 1.153 
After scrutinizing these two figures and tables, it is seen that excellence 
convergence at 6 elements (< 0.1% between 6 and 7 elements). The difference 
in the results between 5 and 6 elements is about 1% and thus it is decided to use 
5 elements for the moving-beam analysis. This is an optimal choice considering 
accuracy and computational time. 
6.4 Static Analysis 
 A static analysis is run first, with a load of P = -10 kN applied at the mid-
span of the beam. For dry conditions, the moisture content and the dry room-
temperature are taken as 0% and 21°C, respectively; for hygrothermal 
conditions, the moisture content and the temperature are taken to be 5% and 
52°C, respectively. The results for three different fiber-volume fractions, Vf , of 
0.52, 0.6 and 0.7 and for three different laminate stacking sequences, [0/±20]s, 
[0/90/±45] and [0/90/±30]s, are listed in Table 6.8. 
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Table 6.8 Mid-span static deflections of various laminate configurations for 
a glass/epoxy composite beam 
Fiber 
volume 
fraction 
Lay-up 
Mid-span deflections (m) 
Dry condition Hygrothermal condition 
CLPT FSDT CLPT FSDT 
Vf = 0.52 
[0/20/-20]s -3.3377E-3 -3.5282E-3 -3.4281E-3 -3.7037E-3 
[0/90/45/-45]T -6.1235E-3 -6.3352E-3 -7.6205E-3 -7.8806E-3 
[0/90/30/-30]s -4.1312E-3 -4.3361E-3 -4.3853E-3 -4.6498E-3 
Vf = 0.6 
[0/20/-20]s -2.9210E-3 -3.0785E-3 -2.9873E-3 -3.2138E-3 
[0/90/45/-45]T -5.1789E-3 -5.3669E-3 -6.3786E-3 -6.6128E-3 
[0/90/30/-30]s -3.5869E-3 -3.7646E-3 -3.7971E-3 -4.0289E-3 
Vf = 0.7 
[0/20/-20]s -2.5197E-3 -2.6389E-3 -2.5668E-3 -2.7357E-3 
[0/90/45/-45]T -4.1652E-3 -4.3208E-3 -5.0426E-3 -5.2391E-3 
[0/90/30/-30]s -3.0432E-3 -3.1859E-3 -3.2170E-3 -3.4045E-3 
Note that there’s somewhat of a significant difference between the CLPT 
and FSDT results. This reinforces the notion that transverse shear effects play an 
important role in composites.  
The support reactions at the left and right ends of the beam are listed in 
Tables 6.9 6.10, respectively. In a statics problem, the reactions are independent 
of the lay-up or the fiber volume fraction.  
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Table 6.9 Support reactions at the left-end of the [0/90/±45]T  simply-
supported composite beam 
Reactions at the left-end of the beam 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
5000 147 5000 5000 147 
Table 6.10 Support reactions at the right-end of the [0/90/±45]T simply-
supported composite beam  
Reactions at the right-end of the beam (N) 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
5000 -147 5000 5000 -147 
6.5 Dynamic Analysis 
 For the same fiber volume fractions and laminate stacking sequences, 
dynamic analyses are performed where a point load of P = -10 kN moves from 
the left-end of the simply-supported beam to the right end of the beam at a 
velocity of 30 m/s or 108 kph. The maximum dynamic mid-span deflections under 
dry and hygrothermal conditions are shown in Table 6.11.  It can be noted that, 
as expected, an increase in the fiber volume fraction results in a decrease in the 
deflection for the same laminate configuration. 
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Table 6.11 Maximum mid-span dynamic deflections of various laminate 
configurations for a glass/epoxy composite beam  
Fiber 
Volume 
Fraction 
Lay-up 
Maximum mid-span deflections (m) 
Dry Condition Hygrothermal Condition 
CLPT FSDT CLPT FSDT 
Vf = 0.52 
[0/±20]s -3.4985E-3 -3.7084E-3 -3.5898E-3 -3.9462E-3 
[0/90/±45]T -7.0056E-3 -7.2178E-3 -8.7608E-3 -9.0006E-3 
[0/90/±30]s -4.5626E-3 -4.7922E-3 -4.8706E-3 -5.1400E-3 
Vf = 0.6 
[0/±20]s -3.0524E-3 -3.2038E-3 -3.1262E-3 -3.3359E-3 
[0/90/±45]T -5.9058E-3 -6.1402E-3 -7.2677E-3 -7.5565E-3 
[0/90/±30]s -3.8825E-3 -4.1021E-3 -4.1675E-3 -4.4371E3 
Vf = 0.7 
[0/±20]s -2.6226E-3 -2.7252E-3 -2.6700E-3 -2.8291E-3 
[0/90/±45]T -4.6243E-3 -4.7698E-3 -5.7729E-3 -6.0051E-3 
[0/90/±30]s -3.1896E-3 -3.3617E-3 -3.4268E-3 -3.6658E-3 
6.5.1 Dry Condition 
 The moisture content and the dry room-temperature are taken to be 0% 
and 21°C, respectively. For each of the different fiber volume fractions, Vf = 0.52, 
Vf = 0.6 and Vf = 0.7, there are three different lay-ups considered namely [0/±20]s,  
[0/90/±45]T and [0/90/±30]s.  
6.5.1.1 Fiber Volume Fraction, Vf = 0.52 
 The dynamic mid-span deflections for the three different laminate stacking 
sequences are plotted in Figures 6.3 - 6.5 and listed in Tables 6.12, 6.15 and 
6.18 for both the theories, CLPT and FSDT. The reactions at the left-end of the 
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simply-supported beam vary with time and are listed for two lay-ups, namely 
[0/±20]s  and [0/90/±45]T in Tables 6.13 and 6.16. Similarly for the right-end, the 
reactions varying with time for the two lay-ups are listed in Tables 6.14 and 6.17. 
It is seen, as expected, that as the load moves from the left end to the right-end 
of the beam, the reactions on the left-end decrease and the reactions on the right 
end increase. When the load is at any point along the beam, the reactions do not 
add up to the point load value, since part of it is used for the acceleration of the 
load. 
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Table 6.12 Dynamic mid-span deflections a for a [0/±20]s laminate under dry 
conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8437E-04 -1.8318E-04 
3.3333E-03 -8.5311E-04 -8.6785E-04 
5.0000E-03 -1.7246E-03 -1.7885E-03 
6.6667E-03 -2.1640E-03 -2.2799E-03 
8.3333E-03 -2.1725E-03 -2.2987E-03 
1.0000E-02 -2.3488E-03 -2.4363E-03 
1.1667E-02 -2.9639E-03 -3.0482E-03 
1.3333E-02 -3.4985E-03 -3.6620E-03 
1.5000E-02 -3.4596E-03 -3.7084E-03 
1.6667E-02 -3.1120E-03 -3.3429E-03 
1.8333E-02 -3.0696E-03 -3.1816E-03 
2.0000E-02 -3.3279E-03 -3.4096E-03 
2.1667E-02 -3.2751E-03 -3.4455E-03 
2.3333E-02 -2.6618E-03 -2.8911E-03 
2.5000E-02 -1.9939E-03 -2.1117E-03 
2.6667E-02 -1.7783E-03 -1.7452E-03 
2.8333E-02 -1.7264E-03 -1.7056E-03 
3.0000E-02 -1.2455E-03 -1.3702E-03 
3.1667E-02 -3.5100E-04 -5.0528E-04 
3.3333E-02 3.1498E-04 3.4440E-04 
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Table 6.13 Left-end support reactions a for a [0/±20]s laminate under dry 
conditions 
Time (s) 
Reactions at the left-end of the beam 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
0 1.0000E+4 0 1.0000E+4 1.0000E+4 0 
1.6667E-3 8.7762E+3 -1.1250E+1 8.7313E+3 8.7367E+3 -1.1010E+1 
3.3333E-3 8.9684E+3 -3.8150E+1 9.0038E+3 8.9984E+3 -3.7583E+1 
5.0000E-3 8.7882E+3 -7.2326E+1 8.7070E+3 8.7125E+3 -7.1946E+1 
6.6667E-3 8.7506E+3 -8.7315E+1 8.8583E+3 8.8477E+3 -8.8382E+1 
8.3333E-3 7.1355E+3 -8.6344E+1 7.1569E+3 7.1653E+3 -8.7446E1 
1.0000E-2 6.5012E+3 -9.0302E+1 6.5144E+3 6.5094E+3 -8.9886E+1 
1.1667E-2 6.5698E+3 -1.1127E+2 6.4155E+3 6.4225E+3 -1.0926E+2 
1.3333E-2 6.6619E+3 -1.2924E+2 6.7337E+3 6.7237E+3 -1.2890E+2 
1.5000E-2 5.8055E+3 -1.2624E+2 5.8040E+3 5.8109E+3 -1.2868E+2 
1.6667E-2 4.6585E+3 -1.1202E+2 4.8894E+3 4.8811E+3 -1.1378E+2 
1.8333E-2 3.8969E+3 -1.1172E+2 3.6795E+3 3.6918E+3 -1.0986E+2 
2.0000E-2 4.5618E+3 -1.2229E+2 4.4769E+3 4.4662E+3 -1.1932E+2 
2.1667E-2 3.9385E+3 -1.2356E+2 3.9699E+3 3.9764E+3 -1.2406E+2 
2.3333E-2 3.1952E+3 -1.0195E+2 3.3433E+3 3.3352E+3 -1.0625E+2 
2.5000E-2 1.8537E+3 -7.9507E+1 1.9928E+3 2.0003E+3 -8.0471E+1 
2.6667E-2 1.7319E+3 -7.3094E+1 1.4963E+3 1.4935E+3 -6.9558E+1 
2.8333E-2 2.1417E+3 -7.1775E+1 1.9281E+3 1.9313E+3 -6.8232E+1 
3.0000E-2 1.3586E+3 -5.3779E+1 1.6410E+3 1.6331E+3 -5.6555E+1 
3.1667E-2 3.1684E+2 -1.7079E+1 3.4522E+2 3.5236E+2 -2.2178E+1 
3.3333E-2 -6.2018E+2 1.1697E+1 -3.8220E+2 -3.8848E+2 1.2168E+1 
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Table 6.14 Right-end support reactions a for a [0/±20]s laminate under dry 
conditions 
Time (s) 
Reactions at the right-end of the beam 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
0 0 0 0 0 0 
1.6667E-3 -3.0474E+1 1.0859E+1 -3.1604E+1 -3.0308E+1 1.0624E+1 
3.3333E-3 6.2225E+2 3.8942E+1 5.8051E+2 5.8307E+2 3.8349E+1 
5.0000E-3 2.1302E+3 7.1455E+1 2.1090E+3 2.1062E+3 7.1142E+1 
6.6667E-3 2.4684E+3 8.8153E+1 2.5450E+3 2.5427E+3 8.9108E+1 
8.3333E-3 2.2210E+3 8.5781E+1 2.2356E+3 2.2378E+3 8.7018E+1 
1.0000E-2 2.5613E+3 9.0620E1 2.5781E+3 2.5779E3 9.0091E+1 
1.1667E-2 3.3688E+3 1.1118E+2 3.2535E+3 3.2566E+3 1.0922E+2 
1.3333E-2 4.8548E+3 1.2928E+2 4.8019E+3 4.7976E+3 1.2899E+2 
1.5000E-2 4.7017E+3 1.2610E+2 4.9108E+3 4.9091E+3 1.2844E+2 
1.6667E-2 4.5800E+3 1.1238E+2 4.5516E+3 4.5549E+3 1.1423E+2 
1.8333E-2 5.1709E+3 1.1114E+2 5.1901E+3 5.1887E3 1.0932E+2 
2.0000E-2 6.1643E+3 1.2296E+2 5.9427E+3 5.9461E+3 1.1975E+2 
2.1667E-2 7.3846E+3 1.2297E+2 7.4119E+3 7.4055E+3 1.2392E+2 
2.3333E-2 6.8620E+3 1.0223E+2 7.1502E+3 7.1513E+3 1.0590E+2 
2.5000E-2 7.0415E+3 7.9636E+1 6.9797E+3 6.9814E+3 8.1257E+1 
2.6667E-2 7.7748E+3 7.2456E+1 7.7091E3 7.7092E+3 6.8398E+1 
2.8333E-2 8.9756E+3 7.2732E+1 8.7275E+3 8.7279E+3 6.9442E+1 
3.0000E-2 9.6066E+3 5.2599E+1 9.7580E+3 9.7533E+3 5.5434E+1 
3.1667E-2 9.1490E+3 1.8131E+1 9.4581E+3 9.4591E+3 2.2927E+1 
3.3333E-2 9.4050E+3 -1.2561E+1 9.3242E+3 9.3260E+3 -1.2642E+1 
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Table 6.15 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -2.1452E-04 -2.1121E-04 
3.3333E-03 -1.1440E-03 -1.1462E-03 
5.0000E-03 -2.7633E-03 -2.8025E-03 
6.6667E-03 -4.2716E-03 -4.3737E-03 
8.3333E-03 -4.9599E-03 -5.1316E-03 
1.0000E-02 -4.8504E-03 -5.0447E-03 
1.1667E-02 -4.7231E-03 -4.8777E-03 
1.3333E-02 -5.2369E-03 -5.3410E-03 
1.5000E-02 -6.2678E-03 -6.3779E-03 
1.6667E-02 -7.0056E-03 -7.2178E-03 
1.8333E-02 -6.7615E-03 -7.0576E-03 
2.0000E-02 -5.7213E-03 -6.0198E-03 
2.1667E-02 -4.6892E-03 -4.8626E-03 
2.3333E-02 -4.3462E-03 -4.3611E-03 
2.5000E-02 -4.4903E-03 -4.4586E-03 
2.6667E-02 -4.3333E-03 -4.3979E-03 
2.8333E-02 -3.2822E-03 -3.4946E-03 
3.0000E-02 -1.5917E-03 -1.8088E-03 
3.1667E-02 -1.2853E-04 -1.7948E-04 
3.3333E-02 5.3526E-04 7.0174E-04 
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Table 6.16 Left-end support reactions a for a [0/90/±45]T laminate under dry 
conditions 
Time (s) 
Reactions at the left-end of the beam 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
0 1.0000E+4 0 1.0000E+4 1.0000E+4 0 
1.6667E-3 8.5628E+3 1.0276E+1 8.5222E+3 8.5304E+3 1.0118E+1 
3.3333E-3 8.6392E+3 3.6143E+1 8.6809E+3 8.6731E+3 3.5702E+1 
5.0000E-3 8.3305E+3 7.7298E+1 8.2505E+3 8.2611E+3 7.6501E+1 
6.6667E-3 9.0072E+3 1.1433E+2 9.0425E+3 9.0282E+3 1.1425E+2 
8.3333E-3 8.2933E+3 1.2920E+2 8.2940E+3 8.3003E+3 1.3017E+2 
1.0000E-2 6.9877E+3 1.2352E+2 7.1273E+3 7.1168E+3 1.2511E+2 
1.1667E-2 5.7729E+3 1.1746E+2 5.6886E+3 5.7029E+3 1.1806E+2 
1.3333E-2 5.6230E+3 1.2692E+2 5.6842E+3 5.6728E+3 1.2553E+2 
1.5000E-2 5.4503E+3 1.5205E+2 5.2776E+3 5.2918E+3 1.4987E+2 
1.6667E-2 6.2067E+3 1.6855E+2 6.1921E+3 6.1755E+3 1.6792E+2 
1.8333E-2 5.1083E+3 1.6452E+2 5.2313E+3 5.2384E+3 1.6641E+2 
2.0000E-2 3.8887E+3 1.3916E+2 3.9820E+3 3.9743E+3 1.4243E+2 
2.1667E-2 2.9363E+3 1.1662E+2 2.9371E+3 2.9467E+3 1.1744E+2 
2.3333E-2 2.2925E+3 1.1079E+2 2.3376E+3 2.3319E+3 1.0858E+2 
2.5000E-2 2.8192E+3 1.1730E+2 2.4467E+3 2.4576E+3 1.1339E+2 
2.6667E-2 3.0483E+3 1.1607E+2 3.2048E+3 3.1877E+3 1.1524E+2 
2.8333E-2 1.8489E+3 9.0085E+1 1.8774E+3 1.8886E+3 9.2956E+1 
3.0000E-2 1.0531E+3 4.7985E+1 1.2125E+3 1.2010E+3 5.2694E+1 
3.1667E-2 -4.9395E+2 7.4834E+0 -3.4285E+2 -3.3172E+2 8.5932E+0 
3.3333E-2 -5.5749E+2 -1.2817E+1 -7.8481E+2 -7.8733E+2 -1.6528E+1 
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Table 6.17 Right-end support reactions a for a [0/90/±45]T laminate under 
dry conditions 
Time (s) 
Reactions at the right-end of the beam 
CLPT FSDT 
w (N) yw (Nm) bw (N) sw (N) 
y
bw (Nm) 
0 0 0 0 0 0 
1.6667E-3 -1.0843E+2 -9.9150E+0 -1.0493E+2 -1.0374E+2 -9.7622E+0 
3.3333E-3 1.3047E+2 -3.6811E+1 1.0709E+2 1.1176E+2 -3.6347E+1 
5.0000E-3 1.6628E+3 -7.6698E+1 1.6108E+3 1.6107E+3 -7.5950E+1 
6.6667E-3 2.9226E+3 -1.1478E+2 2.9540E+3 2.9484E+3 -1.1464E+2 
8.3333E-3 3.0446E+3 -1.2899E+2 3.0598E+3 3.0605E+3 -1.3001E+2 
1.0000E-2 3.2445E+3 -1.2371E+2 3.2896E+3 3.2863E+3 -1.2529E+2 
1.1667E-2 2.6715E+3 -1.1714E+2 2.7687E+3 2.7717E+3 -1.1773E+2 
1.3333E-2 3.3449E+3 -1.2749E+2 3.1884E+3 3.1945E+3 -1.2609E+2 
1.5000E-2 4.9832E+3 -1.5132E+2 4.9591E+3 4.9528E+3 -1.4925E+2 
1.6667E-2 5.6310E+3 -1.6921E+2 5.6100E+3 5.6120E+3 -1.6835E+2 
1.8333E-2 6.4600E+3 -1.6416E+2 6.4612E+3 6.4553E+3 -1.6638E+2 
2.0000E-2 5.9174E+3 -1.3908E+2 6.1551E+3 6.1544E+3 -1.4204E+2 
2.1667E-2 5.6724E+3 -1.1703E+2 5.6443E+3 5.6494E+3 -1.1804E+2 
2.3333E-2 6.6262E+3 -1.1023E+2 6.5262E+3 6.5258E+3 -1.0799E+2 
2.5000E-2 7.7639E+3 -1.1773E+2 7.6572E+3 7.6582E+3 -1.1377E+2 
2.6667E-2 8.8415E+3 -1.1578E+2 8.7800E+3 8.7755E+3 -1.1497E+2 
2.8333E-2 9.3116E+3 -9.0240E+1 9.3745E+3 9.3725E+3 -9.3223E+1 
3.0000E-2 8.6950E+3 -4.7660E+1 9.0462E+3 9.0423E+3 -5.2130E+1 
3.1667E-2 8.6144E+3 -8.0410E+0 8.4930E+3 8.5012E+3 -9.3899E+0 
3.3333E-2 9.6915E+3 1.3759E+1 9.6200E+3 9.6163E+3 1.7535E+01 
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Table 6.18 Dynamic mid-span deflections a for a [0/90/±30]s laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.9751E-04 -1.9536E-04 
3.3333E-03 -9.6198E-04 -9.7247E-04 
5.0000E-03 -2.0783E-03 -2.1366E-03 
6.6667E-03 -2.8081E-03 -2.9291E-03 
8.3333E-03 -2.9026E-03 -3.0583E-03 
1.0000E-02 -2.8911E-03 -3.0164E-03 
1.1667E-02 -3.3801E-03 -3.4657E-03 
1.3333E-02 -4.1758E-03 -4.2970E-03 
1.5000E-02 -4.5626E-03 -4.7922E-03 
1.6667E-02 -4.2337E-03 -4.5375E-03 
1.8333E-02 -3.7119E-03 -3.9292E-03 
2.0000E-02 -3.6342E-03 -3.7182E-03 
2.1667E-02 -3.8782E-03 -3.9282E-03 
2.3333E-02 -3.7596E-03 -3.9199E-03 
2.5000E-02 -2.9511E-03 -3.1935E-03 
2.6667E-02 -1.9806E-03 -2.1300E-03 
2.8333E-02 -1.4905E-03 -1.4500E-03 
3.0000E-02 -1.4214E-03 -1.3146E-03 
3.1667E-02 -1.0734E-03 -1.1105E-03 
3.3333E-02 -1.0471E-04 -2.7469E-04 
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6.5.1.2 Fiber Volume Fraction, Vf = 0.6 
 The dynamic mid-span deflections for the three different laminate stacking 
sequences, [0/±20]s, [0/90/±45]T and [0/90/±30]s, are plotted in Figures 6.6, 6.7 
and 6.8, respectively and listed in Tables 6.19, 6.20 and 6.21, respectively for 
both CLPT and FSDT.  
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Table 6.19 Dynamic mid-span deflections a for a [0/±20]s laminate under dry 
conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.7042E-04 -1.6974E-04 
3.3333E-03 -7.7200E-04 -7.8594E-04 
5.0000E-03 -1.5185E-03 -1.5742E-03 
6.6667E-03 -1.8527E-03 -1.9482E-03 
8.3333E-03 -1.8575E-03 -1.9545E-03 
1.0000E-02 -2.0889E-03 -2.1547E-03 
1.1667E-02 -2.6693E-03 -2.7468E-03 
1.3333E-02 -3.0524E-03 -3.2038E-03 
1.5000E-02 -2.9232E-03 -3.1272E-03 
1.6667E-02 -2.6815E-03 -2.8458E-03 
1.8333E-02 -2.7904E-03 -2.8697E-03 
2.0000E-02 -3.0058E-03 -3.1026E-03 
2.1667E-02 -2.7826E-03 -2.9581E-03 
2.3333E-02 -2.1802E-03 -2.3485E-03 
2.5000E-02 -1.7728E-03 -1.8130E-03 
2.6667E-02 -1.7357E-03 -1.7061E-03 
2.8333E-02 -1.5559E-03 -1.6094E-03 
3.0000E-02 -9.0732E-04 -1.0494E-03 
3.1667E-02 -1.7777E-04 -2.3584E-04 
3.3333E-02 1.2934E-04 2.3426E-04 
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Table 6.20 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.9995E-04 -1.9725E-04 
3.3333E-03 -1.0389E-03 -1.0430E-03 
5.0000E-03 -2.4321E-03 -2.4725E-03 
6.6667E-03 -3.6171E-03 -3.7153E-03 
8.3333E-03 -4.0389E-03 -4.1922E-03 
1.0000E-02 -3.9002E-03 -4.0576E-03 
1.1667E-02 -3.9712E-03 -4.0845E-03 
1.3333E-02 -4.6588E-03 -4.7423E-03 
1.5000E-02 -5.5671E-03 -5.6922E-03 
1.6667E-02 -5.9058E-03 -6.1402E-03 
1.8333E-02 -5.3651E-03 -5.6429E-03 
2.0000E-02 -4.4862E-03 -4.7030E-03 
2.1667E-02 -4.0131E-03 -4.0890E-03 
2.3333E-02 -4.1212E-03 -4.1128E-03 
2.5000E-02 -4.1776E-03 -4.2248E-03 
2.6667E-02 -3.5306E-03 -3.7005E-03 
2.8333E-02 -2.2064E-03 -2.4185E-03 
3.0000E-02 -9.3491E-04 -1.0124E-03 
3.1667E-02 -3.3100E-04 -2.2528E-04 
3.3333E-02 -2.1731E-04 -4.8982E-05 
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Table 6.21 Dynamic mid-span deflections a for a [0/90/±30]s laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8301E-04 -1.8145E-04 
3.3333E-03 -8.7204E-04 -8.8311E-04 
5.0000E-03 -1.8316E-03 -1.8863E-03 
6.6667E-03 -2.3961E-03 -2.5032E-03 
8.3333E-03 -2.4348E-03 -2.5631E-03 
1.0000E-02 -2.4993E-03 -2.5950E-03 
1.1667E-02 -3.0401E-03 -3.1128E-03 
1.3333E-02 -3.7117E-03 -3.8365E-03 
1.5000E-02 -3.8825E-03 -4.1021E-03 
1.6667E-02 -3.5081E-03 -3.7580E-03 
1.8333E-02 -3.1997E-03 -3.3470E-03 
2.0000E-02 -3.3340E-03 -3.3921E-03 
2.1667E-02 -3.5081E-03 -3.5966E-03 
2.3333E-02 -3.1437E-03 -3.3367E-03 
2.5000E-02 -2.3182E-03 -2.5082E-03 
2.6667E-02 -1.6946E-03 -1.7405E-03 
2.8333E-02 -1.5500E-03 -1.4781E-03 
3.0000E-02 -1.4237E-03 -1.4111E-03 
3.1667E-02 -7.6620E-04 -8.9902E-04 
3.3333E-02 2.2344E-04 1.0185E-04 
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6.5.1.3 Fiber Volume Fraction, Vf = 0.7 
  The dynamic mid-span deflections for the three different laminate 
stacking sequences, [0/±20]s,  [0/90/±45]T and [0/90/±30]s, are plotted in Figures 
6.9, 6.10 and 6.11, respectively and listed in Tables 6.22, 6.23 and 6.24, 
respectively for both CLPT and FSDT.  
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Table 6.22 Dynamic mid-span deflections a for a [0/±20]s laminate under dry 
conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.5551E-04 -1.5526E-04 
3.3333E-03 -6.8837E-04 -7.0037E-04 
5.0000E-03 -1.3144E-03 -1.3587E-03 
6.6667E-03 -1.5589E-03 -1.6303E-03 
8.3333E-03 -1.5721E-03 -1.6394E-03 
1.0000E-02 -1.8439E-03 -1.8903E-03 
1.1667E-02 -2.3603E-03 -2.4275E-03 
1.3333E-02 -2.5984E-03 -2.7235E-03 
1.5000E-02 -2.4311E-03 -2.5777E-03 
1.6667E-02 -2.3183E-03 -2.4217E-03 
1.8333E-02 -2.5157E-03 -2.5770E-03 
2.0000E-02 -2.6226E-03 -2.7252E-03 
2.1667E-02 -2.2805E-03 -2.4250E-03 
2.3333E-02 -1.8003E-03 -1.8930E-03 
2.5000E-02 -1.6367E-03 -1.6365E-03 
2.6667E-02 -1.6238E-03 -1.6334E-03 
2.8333E-02 -1.2638E-03 -1.3560E-03 
3.0000E-02 -6.1322E-04 -7.0231E-04 
3.1667E-02 -1.8209E-04 -1.5394E-04 
3.3333E-02 -8.5233E-05 -6.5000E-07 
 
 
223 
 
 
 
 0
0.
00
5
0.
01
0.
01
5
0.
02
0.
02
5
0.
03
0.
03
5
-5
-4
.5-4
-3
.5-3
-2
.5-2
-1
.5-1
-0
.50
x 
10
-3
Tim
e 
/ s
Mid-Span Deflection / m
 
 
CL
PT
FS
DT
Fi
gu
re
 6
.1
0 
D
yn
am
ic
 m
id
-s
pa
n 
de
fle
ct
io
ns
 a
 fo
r a
 [0
/9
0/
±4
5]
T 
la
m
in
at
e 
un
de
r d
ry
 
co
nd
iti
on
s 
224 
 
Table 6.23 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8223E-04 -1.8032E-04 
3.3333E-03 -9.1311E-04 -9.1913E-04 
5.0000E-03 -2.0437E-03 -2.0835E-03 
6.6667E-03 -2.8779E-03 -2.9662E-03 
8.3333E-03 -3.0626E-03 -3.1861E-03 
1.0000E-02 -2.9768E-03 -3.0867E-03 
1.1667E-02 -3.2797E-03 -3.3528E-03 
1.3333E-02 -4.0294E-03 -4.1056E-03 
1.5000E-02 -4.6243E-03 -4.7698E-03 
1.6667E-02 -4.5222E-03 -4.7500E-03 
1.8333E-02 -3.9192E-03 -4.1240E-03 
2.0000E-02 -3.5082E-03 -3.6129E-03 
2.1667E-02 -3.5908E-03 -3.6107E-03 
2.3333E-02 -3.7380E-03 -3.7893E-03 
2.5000E-02 -3.3075E-03 -3.4566E-03 
2.6667E-02 -2.3094E-03 -2.4838E-03 
2.8333E-02 -1.3661E-03 -1.4318E-03 
3.0000E-02 -9.8534E-04 -9.0569E-04 
3.1667E-02 -9.0858E-04 -8.2007E-04 
3.3333E-02 -4.6934E-04 -5.0267E-04 
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Table 6.24 Dynamic mid-span deflections a for a [0/90/±30]s laminate under 
dry conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.6687E-04 -1.6593E-04 
3.3333E-03 -7.7476E-04 -7.8557E-04 
5.0000E-03 -1.5736E-03 -1.6211E-03 
6.6667E-03 -1.9844E-03 -2.0712E-03 
8.3333E-03 -1.9925E-03 -2.0880E-03 
1.0000E-02 -2.1373E-03 -2.2038E-03 
1.1667E-02 -2.6873E-03 -2.7495E-03 
1.3333E-02 -3.1896E-03 -3.3097E-03 
1.5000E-02 -3.1756E-03 -3.3617E-03 
1.6667E-02 -2.8505E-03 -3.0268E-03 
1.8333E-02 -2.7808E-03 -2.8673E-03 
2.0000E-02 -3.0105E-03 -3.0686E-03 
2.1667E-02 -2.9970E-03 -3.1191E-03 
2.3333E-02 -2.4625E-03 -2.6352E-03 
2.5000E-02 -1.8264E-03 -1.9224E-03 
2.6667E-02 -1.5889E-03 -1.5674E-03 
2.8333E-02 -1.5529E-03 -1.5291E-03 
3.0000E-02 -1.1662E-03 -1.2511E-03 
3.1667E-02 -3.6217E-04 -4.8304E-04 
3.3333E-02 2.9862E-04 3.0705E-04 
 
 
227 
 
6.5.2. Hygrothermal Condition 
 The moisture content and the temperature are taken to be as 5% and 
52°C, respectively. For each of the different fiber volume fractions, Vf = 0.52,      
Vf = 0.6 and Vf = 0.7, there are three different lay-ups considered, namely 
[0/±20]s, [0/90/±45]T and [0/90±30]s.  
6.5.2.1 Fiber Volume Fraction, Vf = 0.52 
 The dynamic mid-span deflections for the three different laminate stacking 
sequences, [0/±20]s,  [0/90/±45]T and [0/90/±30]s, are plotted in Figures 6.12, 
6.13 and 6.14 and are listed below in Tables 6.25, 6.26 and 6.27 for both the 
theories, CLPT and FSDT.  
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Table 6.25 Dynamic mid-span deflections a for a [0/±20]s laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8561E-04 -1.8372E-04 
3.3333E-03 -8.6493E-04 -8.8499E-04 
5.0000E-03 -1.7640E-03 -1.8543E-03 
6.6667E-03 -2.2343E-03 -2.4016E-03 
8.3333E-03 -2.2483E-03 -2.4358E-03 
1.0000E-02 -2.4031E-03 -2.5358E-03 
1.1667E-02 -3.0139E-03 -3.1318E-03 
1.3333E-02 -3.5882E-03 -3.8122E-03 
1.5000E-02 -3.5898E-03 -3.9462E-03 
1.6667E-02 -3.2229E-03 -3.5751E-03 
1.8333E-02 -3.1231E-03 -3.3018E-03 
2.0000E-02 -3.3723E-03 -3.4766E-03 
2.1667E-02 -3.3761E-03 -3.5910E-03 
2.3333E-02 -2.7933E-03 -3.1247E-03 
2.5000E-02 -2.0619E-03 -2.2751E-03 
2.6667E-02 -1.7639E-03 -1.7400E-03 
2.8333E-02 -1.7240E-03 -1.6557E-03 
3.0000E-02 -1.3229E-03 -1.4489E-03 
3.1667E-02 -4.3408E-04 -6.7695E-04 
3.3333E-02 3.3826E-04 3.0539E-04 
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Table 6.26 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -2.1996E-04 -2.1548E-04 
3.3333E-03 -1.2305E-03 -1.2287E-03 
5.0000E-03 -3.1397E-03 -3.1743E-03 
6.6667E-03 -5.1884E-03 -5.2917E-03 
8.3333E-03 -6.4892E-03 -6.6863E-03 
1.0000E-02 -6.6744E-03 -6.9368E-03 
1.1667E-02 -6.2845E-03 -6.5378E-03 
1.3333E-02 -6.2183E-03 -6.4083E-03 
1.5000E-02 -6.9497E-03 -7.0732E-03 
1.6667E-02 -8.1156E-03 -8.2694E-03 
1.8333E-02 -8.7608E-03 -9.0006E-03 
2.0000E-02 -8.2683E-03 -8.6200E-03 
2.1667E-02 -6.7801E-03 -7.1521E-03 
2.3333E-02 -5.1927E-03 -5.4251E-03 
2.5000E-02 -4.3125E-03 -4.3430E-03 
2.6667E-02 -4.2175E-03 -4.1065E-03 
2.8333E-02 -4.2158E-03 -4.1603E-03 
3.0000E-02 -3.4185E-03 -3.5456E-03 
3.1667E-02 -1.6138E-03 -1.8858E-03 
3.3333E-02 6.1732E-04 3.9630E-04 
 
 
232 
 
 
 
 0
0.
00
5
0.
01
0.
01
5
0.
02
0.
02
5
0.
03
0.
03
5
-6-5-4-3-2-10
x 
10
-3
Tim
e 
/ s
Mid-Span Deflection / m
 
 
CL
PT
FS
DT
Fi
gu
re
 6
.1
4 
D
yn
am
ic
 m
id
-s
pa
n 
de
fle
ct
io
ns
 a
 fo
r a
 [0
/9
0/
±3
0]
S 
la
m
in
at
e 
un
de
r 
hy
gr
ot
he
rm
al
 c
on
di
tio
ns
 
233 
 
Table 6.27 Dynamic mid-span deflection a for a [0/90/±30]s laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -2.0057E-04 -1.9753E-04 
3.3333E-03 -9.9080E-04 -1.0024E-03 
5.0000E-03 -2.1792E-03 -2.2503E-03 
6.6667E-03 -3.0073E-03 -3.1602E-03 
8.3333E-03 -3.1522E-03 -3.3588E-03 
1.0000E-02 -3.0951E-03 -3.2712E-03 
1.1667E-02 -3.5142E-03 -3.6310E-03 
1.3333E-02 -4.3422E-03 -4.4820E-03 
1.5000E-02 -4.8706E-03 -5.1400E-03 
1.6667E-02 -4.6329E-03 -5.0265E-03 
1.8333E-02 -4.0155E-03 -4.3368E-03 
2.0000E-02 -3.7530E-03 -3.8962E-03 
2.1667E-02 -3.9544E-03 -3.9934E-03 
2.3333E-02 -3.9984E-03 -4.1364E-03 
2.5000E-02 -3.3276E-03 -3.6191E-03 
2.6667E-02 -2.2365E-03 -2.4995E-03 
2.8333E-02 -1.4594E-03 -1.4938E-03 
3.0000E-02 -1.2713E-03 -1.1119E-03 
3.1667E-02 -1.1088E-03 -1.0345E-03 
3.3333E-02 -3.5182E-04 -5.0097E-04 
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6.5.2.2 Fiber Volume Fraction, Vf = 0.6 
  The dynamic mid-span deflections for the three different laminate 
stacking sequences, [0/±20]s,  [0/90/±45]T and [0/90/±30]s, are plotted in Figures 
6.15, 6.16 and 6.17 and are listed below in Tables 6.28, 6.29 and 6.30 for both 
the theories, CLPT and FSDT.  
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Table 6.28 Dynamic mid-span deflections a for a [0/±20]s laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.7144E-04 -1.7033E-04 
3.3333E-03 -7.8135E-04 -8.0047E-04 
5.0000E-03 -1.5486E-03 -1.6273E-03 
6.6667E-03 -1.9039E-03 -2.0416E-03 
8.3333E-03 -1.9094E-03 -2.0527E-03 
1.0000E-02 -2.1255E-03 -2.2233E-03 
1.1667E-02 -2.7098E-03 -2.8167E-03 
1.3333E-02 -3.1262E-03 -3.3359E-03 
1.5000E-02 -3.0174E-03 -3.3127E-03 
1.6667E-02 -2.7498E-03 -3.0002E-03 
1.8333E-02 -2.8237E-03 -2.9426E-03 
2.0000E-02 -3.0535E-03 -3.1761E-03 
2.1667E-02 -2.8729E-03 -3.1096E-03 
2.3333E-02 -2.2645E-03 -2.5214E-03 
2.5000E-02 -1.7947E-03 -1.8811E-03 
2.6667E-02 -1.7263E-03 -1.6781E-03 
2.8333E-02 -1.5899E-03 -1.6291E-03 
3.0000E-02 -9.7988E-04 -1.1719E-03 
3.1667E-02 -2.0169E-04 -3.2828E-04 
3.3333E-02 1.8355E-04 3.0111E-04 
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Table 6. 29 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -2.0635E-04 -2.0252E-04 
3.3333E-03 -1.1232E-03 -1.1239E-03 
5.0000E-03 -2.7781E-03 -2.8162E-03 
6.6667E-03 -4.4191E-03 -4.5239E-03 
8.3333E-03 -5.2926E-03 -5.4787E-03 
1.0000E-02 -5.2682E-03 -5.4944E-03 
1.1667E-02 -5.0183E-03 -5.2138E-03 
1.3333E-02 -5.2982E-03 -5.4322E-03 
1.5000E-02 -6.2294E-03 -6.3377E-03 
1.6667E-02 -7.1642E-03 -7.3534E-03 
1.8333E-02 -7.2677E-03 -7.5565E-03 
2.0000E-02 -6.3816E-03 -6.7270E-03 
2.1667E-02 -5.0953E-03 -5.3629E-03 
2.3333E-02 -4.2764E-03 -4.3621E-03 
2.5000E-02 -4.1737E-03 -4.1259E-03 
2.6667E-02 -4.2590E-03 -4.2234E-03 
2.8333E-02 -3.7231E-03 -3.8502E-03 
3.0000E-02 -2.2682E-03 -2.5190E-03 
3.1667E-02 -4.4991E-04 -6.4940E-04 
3.3333E-02 8.9663E-04 9.2580E-04 
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Table 6.30 Dynamic mid-span deflections a for a [0/90/±30]S laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8601E-04 -1.8372E-04 
3.3333E-03 -8.9862E-04 -9.1131E-04 
5.0000E-03 -1.9210E-03 -1.9889E-03 
6.6667E-03 -2.5641E-03 -2.7020E-03 
8.3333E-03 -2.6319E-03 -2.8052E-03 
1.0000E-02 -2.6493E-03 -2.7853E-03 
1.1667E-02 -3.1477E-03 -3.2432E-03 
1.3333E-02 -3.8772E-03 -4.0224E-03 
1.5000E-02 -4.1675E-03 -4.4371E-03 
1.6667E-02 -3.8211E-03 -4.1608E-03 
1.8333E-02 -3.3915E-03 -3.6193E-03 
2.0000E-02 -3.4076E-03 -3.4929E-03 
2.1667E-02 -3.6329E-03 -3.7063E-03 
2.3333E-02 -3.4212E-03 -3.6289E-03 
2.5000E-02 -2.6081E-03 -2.8803E-03 
2.6667E-02 -1.7866E-03 -1.9198E-03 
2.8333E-02 -1.4631E-03 -1.3926E-03 
3.0000E-02 -1.4049E-03 -1.3107E-03 
3.1667E-02 -9.4639E-04 -1.0387E-03 
3.3333E-02 4.0139E-05 -1.5645E-04 
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6.5.2.3 Fiber Volume Fraction, Vf = 0.7 
 The dynamic mid-span deflections for the three different laminate stacking 
sequences, [0/±20]s,  [0/90/±45]T and [0/90/±30]s, are plotted in Figures 6.18, 
6.19 and 6.20 and are listed below in Tables 6.31, 6.32 and 6.33 for both the 
theories, CLPT and FSDT.  
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Table 6.31 Dynamic mid-span deflections a for a [0/±20]s laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.5634E-04 -1.5590E-04 
3.3333E-03 -6.9560E-04 -7.1203E-04 
5.0000E-03 -1.3367E-03 -1.3986E-03 
6.6667E-03 -1.5948E-03 -1.6964E-03 
8.3333E-03 -1.6061E-03 -1.7040E-03 
1.0000E-02 -1.8684E-03 -1.9353E-03 
1.1667E-02 -2.3929E-03 -2.4845E-03 
1.3333E-02 -2.6554E-03 -2.8291E-03 
1.5000E-02 -2.4942E-03 -2.7057E-03 
1.6667E-02 -2.3574E-03 -2.5119E-03 
1.8333E-02 -2.5404E-03 -2.6250E-03 
2.0000E-02 -2.6700E-03 -2.8038E-03 
2.1667E-02 -2.3490E-03 -2.5517E-03 
2.3333E-02 -1.8438E-03 -1.9903E-03 
2.5000E-02 -1.6395E-03 -1.6480E-03 
2.6667E-02 -1.6330E-03 -1.6302E-03 
2.8333E-02 -1.3105E-03 -1.4241E-03 
3.0000E-02 -6.5364E-04 -7.9347E-04 
3.1667E-02 -1.6673E-04 -1.5385E-04 
3.3333E-02 -4.7865E-05 7.9857E-05 
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Table 6.32 Dynamic mid-span deflections a for a [0/90/±45]T laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.8939E-04 -1.8651E-04 
3.3333E-03 -9.9173E-04 -9.9543E-04 
5.0000E-03 -2.3429E-03 -2.3835E-03 
6.6667E-03 -3.5225E-03 -3.6231E-03 
8.3333E-03 -3.9753E-03 -4.1357E-03 
1.0000E-02 -3.8476E-03 -4.0169E-03 
1.1667E-02 -3.8638E-03 -3.9892E-03 
1.3333E-02 -4.4697E-03 -4.5584E-03 
1.5000E-02 -5.3576E-03 -5.4790E-03 
1.6667E-02 -5.7729E-03 -6.0051E-03 
1.8333E-02 -5.3258E-03 -5.6153E-03 
2.0000E-02 -4.4455E-03 -4.6895E-03 
2.1667E-02 -3.8653E-03 -3.9662E-03 
2.3333E-02 -3.8841E-03 -3.8749E-03 
2.5000E-02 -3.9944E-03 -4.0161E-03 
2.6667E-02 -3.5150E-03 -3.6628E-03 
2.8333E-02 -2.3070E-03 -2.5341E-03 
3.0000E-02 -9.7313E-04 -1.0970E-03 
3.1667E-02 -2.0597E-04 -1.3261E-04 
3.3333E-02 -3.1219E-05 1.5856E-04 
 
 
246 
 
 
 
 0
0.
00
5
0.
01
0.
01
5
0.
02
0.
02
5
0.
03
0.
03
5
-4
-3
.5-3
-2
.5-2
-1
.5-1
-0
.500.
5
x 
10
-3
Tim
e 
/ s
Mid-Span Deflection / m
 
 
CL
PT
FS
DT
Fi
gu
re
 6
.2
0 
D
yn
am
ic
 m
id
-s
pa
n 
de
fle
ct
io
ns
 a
 fo
r a
 [0
/9
0/
±3
0]
S 
la
m
in
at
e 
un
de
r 
hy
gr
ot
he
rm
al
 c
on
di
tio
ns
 
247 
 
Table 6.33 Dynamic mid-span deflections a for a [0/90/±30]s laminate under 
hygrothermal conditions 
Time at the end of 
each load step (s) 
Mid-span dynamic deflections (m) 
CLPT FSDT 
0 0 0 
1.6667E-03 -1.6985E-04 -1.6838E-04 
3.3333E-03 -7.9952E-04 -8.1228E-04 
5.0000E-03 -1.6530E-03 -1.7128E-03 
6.6667E-03 -2.1250E-03 -2.2386E-03 
8.3333E-03 -2.1449E-03 -2.2760E-03 
1.0000E-02 -2.2462E-03 -2.3409E-03 
1.1667E-02 -2.7810E-03 -2.8590E-03 
1.3333E-02 -3.3557E-03 -3.4988E-03 
1.5000E-02 -3.4268E-03 -3.6658E-03 
1.6667E-02 -3.0758E-03 -3.3270E-03 
1.8333E-02 -2.8917E-03 -3.0269E-03 
2.0000E-02 -3.0848E-03 -3.1486E-03 
2.1667E-02 -3.1743E-03 -3.2970E-03 
2.3333E-02 -2.7228E-03 -2.9430E-03 
2.5000E-02 -1.9885E-03 -2.1609E-03 
2.6667E-02 -1.5753E-03 -1.5834E-03 
2.8333E-02 -1.5226E-03 -1.4556E-03 
3.0000E-02 -1.2887E-03 -1.3321E-03 
3.1667E-02 -5.4472E-04 -7.0976E-04 
3.3333E-02 2.9463E-04 2.1987E-04 
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6.6 Dynamic Magnification Factor 
 The dynamic magnification factor (DMF) is the ratio of the maximum 
dynamic mid-span deflection to the static deflection at mid-span. These are 
calculated for the three different lay-ups, [0/±20]s, [0/90/±45]T and [0/90/±30]s, 
and the three difference fiber volume fractions, Vf = 0.52, Vf = 0.6 and Vf = 0.7 
under dry and hygrothermal conditions using CLPT and FSDT. These are listed 
in Table 6.34 and plotted in Figures 6.21, 6.22 and 6.23 with respect to the fiber 
volume fraction for different lay-ups.  
Table 6.34 Dynamic magnification factors of various laminate 
configurations for a glass/epoxy composite beam 
Fiber 
volume 
fraction 
Lay-up 
Dynamic magnification factor 
Dry condition Hygrothermal condition 
CLPT FSDT CLPT FSDT 
Vf = 0.52 
[0/±20]s 1.048 1.051 1.047 1.065 
[0/90/±45]T 1.144 1.139 1.150 1.142 
[0/90/±30]s 1.104 1.105 1.111 1.105 
Vf = 0.6 
[0/±20]s 1.045 1.041 1.046 1.038 
[0/90/±45]T 1.140 1.144 1.139 1.143 
[0/90/±30]s 1.082 1.090 1.098 1.101 
Vf = 0.7 
[0/±20]s 1.041 1.033 1.040 1.034 
[0/90/±45]T 1.110 1.104 1.145 1.146 
[0/90/±30]s 1.048 1.055 1.065 1.077 
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(a) CLPT 
 
(b) FSDT 
Figure 6.21 Dynamic magnification factor for a [0/±20]s laminate  
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(a) CLPT 
	  	  	  	  	  	  	  	    
(b) FSDT 
Figure 6.22 Dynamic magnification factor for a [0/90/±45]T laminate 
0.5 0.55 0.6 0.65 0.7
1
1.05
1.1
1.15
1.2
Fiber Volume Fraction, Vf
Dy
na
m
ic 
M
ag
nif
ica
tio
n 
Fa
ct
or
 
 
Dry CLPT
Hygrothermal CLPT
0.5 0.55 0.6 0.65 0.7
1
1.05
1.1
1.15
1.2
Fiber Volume Fraction, Vf
Dy
na
m
ic 
M
ag
nif
ica
tio
n 
Fa
ct
or
 
 
Dry FSDT
Hygrothermal FSDT
251 
 
 
(a) CLPT 
 
(b) FSDT 
Figure 6.23 Dynamic magnification factor for a [0/90/±30]s laminate 
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It is observed, as expected, as the fiber volume fraction increases, the 
deflection decreases for the same laminate configuration, which is due to 
increased stiffness of the laminate corresponding to a higher volume of fibers. 
The ply-orientations also affect the dynamic behavior of the beam.  
 It can also be seen that as the fiber volume fraction increases, the 
dynamic magnification factor decreases; the one exception being in the case of 
[0/90/±45]T where the dynamic magnification factor increases when Vf = 0.7. In 
dry conditions, the dynamic magnification factor is the highest for [0/90/±45]T 
comparatively. These results can help a designer choose the right ply orientation 
and the right fiber volume fraction to control the dynamic behavior of laminated 
beams. 
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CHAPTER 7 
FAILURE ANALYSIS 
 
7.1 Introduction 
In this chapter, the focus is on the stresses across the cross section of a 
composite beam subjected to a moving load in a dry environment. The state of 
stress is a precursor for failure analysis. The first step in this procedure involves 
determining the off-axis strains from the displacement distributions; the second 
step consists of computing the ply off-axis stresses from the off-axis strains with 
the aid of the off-axis material stiffness matrix. Then using the stress 
transformation matrix, the on-axis stresses at the top and bottom of each ply is 
determined. The on-axis stresses are compared with the ply strength values to 
determine the safety factor. as the detailed procedure for failure analysis is 
explained in Section 2.9.Similar to the hygrothermal analysis in Chapter 6, three 
different laminate stacking sequences, [0/±20]S, [0/90/±45]T and [0/90/±30]S, are 
considered; only one fiber-volume fraction, namely, 0.6 is employed after several 
observations it is determined  that the maximum stresses occur in a moving load 
analysis at mid-span, when the load is at the mid-span of the beam as well. Thus 
for failure analysis in this part of the study, the ply on-axis stresses at this instant 
are computed and compared with their corresponding strengths. 
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7.2 Properties 
The dimensions and material properties of the S-glass/epoxy are given in 
Table 7.1 and the tensile, compressive and shear strengths are given in Table 
7.2. 
Table 7.1 Dimensions and properties of S-glass/epoxy composite 
Length, L 1 m 
Width, b 0.05 m 
Total thickness, h  0.07 m 
Longitudinal modulus, E1 55 GPa 
Transverse modulus, E2 16 GPa 
Longitudinal shear modulus, G12 7.6 GPa 
Transverse shear modulus, G13 7.6 GPa 
Density, ρ 1993 kg/m3 
In-plane poisson’s ratio, ν12 0.28 
Fiber volume fraction, Vf 0.6 
Table 7.2 Tensile, compressive and shear strengths of S-glass/epoxy 
composite 
Longitudinal tensile strength, F1t 1620 MPa 
Transverse tensile strength, F2t 40 MPa 
Longitudinal compressive strength, F1c 690 MPa 
Transverse compressive strength, F2c 140 MPa 
In-plane shear strength, F6 60 MPa 
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 7.3 Convergence Study 
A convergence study is done to decide on how many elements are to be 
used in the finite element analysis for the failure analysis. This convergence 
study is done on a [0/90/±45]T lay-up composite beam with the properties as 
given earlier in Table 7.1. A static load, P = -10 kN, is applied at mid-span of the 
simply-supported beam first; then a point load of the same magnitude   moves 
from the left-end of the beam to the right-end of the beam at V = 30 m/s. For both 
the statics and dynamics cases, the maximum normal stresses, xσ , are 
computed at a distance of x = L/4 and x = L/2 from the left-end of the beam. In 
the case of the moving-load problem, the stresses are determined when the load 
is at mid-span. The numbers of elements used for this study are 3, 4, 5, 6, and 7. 
The maximum normal stresses at x = L/4  for different total number of elements 
are plotted in Figure 7.1 and listed in Table 7.3; the corresponding quantities at  x 
= L/2 are found in Figure 7.2 and Table 7.4  
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Figure 7.1 Maximum normal stress at x = L/4 for 3, 4, 5, 6, and 7 elements  
Table 7.3 Maximum normal stress for 3, 4, 5, 6, and 7 elements at x = L/4 
Number 
of 
elements 
Maximum normal stress (N/m2) 
Static analysis Dynamic analysis 
CLPT FSDT CLPT FSDT 
3 4.4068E+07 4.4071E+07 4.9242E+07 4.8920E+07 
4 4.4102E+07 4.3997E+07 5.0176E+07 5.0122E+07 
5 4.4096E+07 4.4072E+07 4.9910E+07 5.0431E+07 
6 4.4063E+07 4.4064E+07 4.5930E+07 4.6331E+07 
7 4.4053E+07 4.4072E+07 4.5985E+07 4.7003E+07 
The convergence study indicates that there is a considerable difference 
between 5- and 6-element cases for the static load and dynamic load analyses; 
therefore we shall be using 5 elements for the failure analysis. 
2 3 4 5 6 7 8
1
2
3
4
5
6
7
x 107
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Static Load CLPT
Static Load FSDT
Moving Load CLPT
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7.4 Stress Analysis for Different Lay-ups of a Composite 
Beam 
 A simply-supported beam is considered for this part of the analysis with a 
concentrated load of P = -10 kN that moves from the left-end of the beam to the 
right-end of the beam at V = 30 m/s = 108 km/hr. As discussed earlier, there are 
three different laminate stacking sequences of a S-glass/epoxy composite 
material used for analysis with properties given in Table 7.1 and Table 7.2. 
These lay-ups are [0/±20]S, [0/90/±45/]T and [0/90/±30]S. For all three lay-ups, a 
careful observation of the time-dependent stresses, has revealed, that the 
maximum stresses occur at the mid-span of the beam when the load is at the 
mid-span of the beam as well. Thus for failure analysis, the maximum on-axis 
stresses (σ1, σ2, σ6) at this instant are captured and compared with their 
corresponding strengths. This comparison is done as described in Section 2.9 
using both CLPT and FSDT. Then the factors of safety are determined based on 
the maximum normal stress theory as outlined in Equation (2.6). 
7.4.1 [0/±20]S Composite Beam 
7.4.1.1 Strain and Stress Analysis 
The off-axis longitudinal, transverse, and shear strains at the mid span of 
the beam are listed in Tables 7.4, 7.5, 7.6, respectively. Since these strain 
components are linear across the cross section of the laminate, just the values at 
the top and bottom of the laminate are listed. 
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Table 7.4 Normal strain at the top and bottom of a [0/±20]s laminated 
composite beam 
Ply 
xε  
CLPT FSDT 
0° 
(Top of laminate) Top -1.0740E-03 -1.0765E-03 
0° 
(Bottom of 
laminate) 
Bottom 1.0740E-03 1.0765E-03 
Table 7.5 Transverse strain at the top and bottom of a [0/±20]s laminated 
composite beam 
Ply 
yε  
CLPT FSDT 
0° 
(Top of laminate) Top 3.5496E-04 3.5580E-04 
0° 
(Bottom of 
laminate) 
Bottom -3.5496E-04 -3.5580E-04 
Table 7. 6 Shear strain at the top and bottom of a [0/±20]s laminated 
composite beam 
Ply 
xyγ  
CLPT FSDT 
0° 
(Top of laminate) Top 1.3024E-04 1.3076E-04 
0° 
(Bottom of 
laminate) 
Bottom -1.3024E-04 -1.3076E-04 
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 The off-axis longitudinal, transverse and shear stresses along the cross-
section of the laminate at mid-span are calculated from the off-axis strains using 
the ply off-axis material stiffness matrix and plotted in Figures 7.2, 7.3 and 7.4, 
respectively, and listed in Tables 7.7, 7.8, and 7.9, respectively. 
 
Figure 7.2 Longitudinal stress distribution, σx , for a [0/±20]s composite 
beam 
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Figure 7.3 Transverse stress distribution, yσ  , for a [0/±20]s laminated 
composite beam 
 
Figure 7.4 Shear stress distribution, xyτ , for a [0/±20]s laminated composite 
beam 
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Table 7.7 Longitudinal stress along the cross-section of a [0/±20]s 
laminated composite beam 
Ply 
 (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -5.8819E+07 -5.8959E+07 
Bottom -3.9213E+07 -3.9306E+07 
20° 
Top -3.1704E+07 -3.1778E+07 
Bottom -1.5852E+07 -1.5889E+07 
-20° 
Top -1.6762E+07 -1.6803E+07 
Bottom 1.6523E+01 3.0406E+00 
-20° 
Top 1.6523E+01 3.0406E+00 
Bottom 1.6763E+07 1.6803E+07 
20° 
Top 1.5852E+07 1.5889E+07 
Bottom 3.1704E+07 3.1778E+07 
0° 
(Bottom of 
laminate) 
Top 3.9213E+07 3.9306E+07 
Bottom 5.8819E+07 5.8959E+07 
 
 
 
 
 
 
xσ
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Table 7.8 Transverse stress along the cross-section of a [0/±20]s laminated 
composite beam 
Ply 
yσ  (N/m
2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 8.8829E+05 8.9029E+05 
Bottom 5.9219E+05 5.9353E+05 
20° 
Top -1.3557E+06 -1.3586E+06 
Bottom -6.7783E+05 -6.7931E+05 
-20° 
Top -8.8104E+05 -8.8332E+05 
Bottom 3.5722E-01 6.5734E-02 
-20° 
Top 3.5722E-01 6.5734E-02 
Bottom 8.8104E+05 8.8332E+05 
20° 
Top 6.7783E+05 6.7931E+05 
Bottom 1.3557E+06 1.3586E+06 
0° 
(Bottom of 
laminate) 
Top -5.9220E+05 -5.9353E+05 
Bottom -8.8829E+05 -8.9029E+05 
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Table 7.9 Shear stress along the cross-section of a [0/±20]s laminated 
composite beam 
Ply 
xyτ  (N/m
2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 9.8985E+05 9.9378E+05 
Bottom 6.5990E+05 6.6252E+05 
20° 
Top -5.9977E+06 -6.0104E+06 
Bottom -2.9988E+06 -3.0052E+06 
-20° 
Top 3.9555E+06 3.9656E+06 
Bottom -3.5074E+00 -6.4542E-01 
-20° 
Top -3.5074E+00 -6.4542E-01 
Bottom -3.9555E+06 -3.9657E+06 
20° 
Top 2.9989E+06 3.0052E+06 
Bottom 5.9977E+06 6.0104E+06 
0° 
(Bottom of 
laminate) 
Top -6.5990E+05 -6.6252E+05 
Bottom -9.8985E+05 -9.9378E+05 
The longitudinal, transverse and shear stresses in the lamina co-ordinate 
system (on-axis stresses) transformed from the laminate co-ordinate system are 
listed in Tables 7.10, 7.11, and 7.12, respectively. 
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Table 7.10 On-axis longitudinal stress of a [0/±20]s composite beam 
Ply 1
σ  (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -5.8819E+07 -5.8959E+07 
Bottom -3.9213E+07 -3.9306E+07 
20° 
Top -3.2009E+07 -3.2083E+07 
Bottom -1.6005E+07 -1.6041E+07 
-20° 
Top -1.7447E+07 -1.7490E+07 
Bottom 1.6887E+01 3.1075E+00 
-20° 
Top 1.6887E+01 3.1075E+00 
Bottom 1.7447E+07 1.7490E+07 
20° 
Top 1.6005E+07 1.6041E+07 
Bottom 3.2009E+07 3.2083E+07 
0° 
(Bottom of 
laminate) 
Top 3.9213E+07 3.9306E+07 
Bottom 5.8819E+07 5.8959E+07 
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Table 7.11 Transverse stress for the lamina of a [0/±20]s laminated 
composite beam 
Ply 2
σ  (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 8.8829E+05 8.9029E+05 
Bottom 5.9219E+05 5.9353E+05 
20° 
Top -1.0505E+06 -1.0536E+06 
Bottom -5.2524E+05 -5.2678E+05 
-20° 
Top -1.9626E+05 -1.9649E+05 
Bottom -6.1955E-03 -1.1401E-03 
-20° 
Top -6.1955E-03 -1.1401E-03 
Bottom 1.9626E+05 1.9649E+05 
20° 
Top 5.2524E+05 5.2678E+05 
Bottom 1.0505E+06 1.0536E+06 
0° 
(Bottom of 
laminate) 
Top -5.9220E+05 -5.9353E+05 
Bottom -8.8829E+05 -8.9029E+05 
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Table 7.12 Shear stress for the lamina of a [0/±20]s laminated composite 
beam 
Ply 6
σ  (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 9.8985E+05 9.9378E+05 
Bottom 6.5990E+05 6.6252E+05 
20° 
Top 5.1592E+06 5.1722E+06 
Bottom 2.5796E+06 2.5861E+06 
-20° 
Top -2.0741E+06 -2.0786E+06 
Bottom 2.5089E+00 4.6169E-01 
-20° 
Top 2.5089E+00 4.6169E-01 
Bottom 2.0741E+06 2.0786E+06 
20° 
Top -2.5796E+06 -2.5861E+06 
Bottom -5.1592E+06 -5.1722E+06 
0° 
(Bottom of 
laminate) 
Top -6.5990E+05 -6.6252E+05 
Bottom -9.8985E+05 -9.9378E+05 
7.4.1.2 Failure Analysis 
 The maximum stresses in tension and compression in the lamina co-
ordinate system, 1σ , 2σ  and 6σ  , are listed in Table 7.13.  
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Table 7.13 Maximum stresses in material co-ordinates for a [0/±20]s 
composite beam 
Type 
Maximum stress (N/m2) 
CLPT FSDT 
t1σ  5.8819E+07 5.8959E+07 
)( abs 1cσ  5.8819E+07 5.8959E+07 
t2σ  1.0505E+06 1.0536E+06 
)( abs 2cσ  1.0505E+06 1.0536E+06 
)( abs 6σ  5.1592E+06 5.1722E+06 
Using Equation (2.57), the factors of safety for the beam are calculated 
and listed in Table 7.14. 
Table 7.14 Factor of safety for the stresses with their corresponding 
Strengths for a [0/±20]s laminated composite beam 
Type 
Factor of safety 
CLPT FSDT 
n1t 27.54 27.48 
n1c 11.73 11.70 
n2t 38.08 37.97 
n2c 133.27 132.88 
n6 11.63 11.60 
Thus, for design purposes, the overall factor of safety for a [0/±20]s simply-
supported beam subjected to a moving load of magnitude 10 kN is 11.63 using 
CLPT or 11.60 using FSDT. 
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7.4.2 [0/90/±45]T Composite Beam 
7.4.2.1 Strain and Stress Analysis 
 The strains and stresses are plotted and listed in the following tables for a 
[0/90/±45]T S-glass/epoxy composite beam.  
The longitudinal, transverse and shear strains across the laminate are 
listed in Table 7.15, Table 7.16 and Table 7.17. Since they are linear along the 
cross-section of the laminate, just the top and bottom of the laminate strains are 
listed below. 
Table 7.15 Normal strain at the top and bottom of a [0/90/±45]T laminated 
composite beam 
Ply 
xε  
CLPT FSDT 
-45° 
(Top of laminate) Top -2.3841E-03 -2.4033E-03 
0° 
(Bottom of 
laminate) 
Bottom 1.5997E-03 1.6125E-03 
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Table 7.16 Transverse strain at the top and bottom of a [0/90/±45]T 
laminated composite beam 
Ply 
yε  
CLPT FSDT 
-45° 
(Top of laminate) Top 9.6098E-04 9.6874E-04 
0° 
(Bottom of 
laminate) 
Bottom -5.2822E-04 -5.3246E-04 
Table 7.17 Shear strain at the top and bottom of a [0/90/±45]T laminated 
composite beam 
Ply 
xyγ  
CLPT FSDT 
-45° 
(Top of laminate) Top -3.0145E-04 -3.0393E-04 
0° 
(Bottom of 
laminate) 
Bottom 1.0909E-04 1.1005E-04 
 The longitudinal, transverse and shear stresses along the cross-section of 
the laminate are plotted below in Figure 7.5, Figure 7.6 and Figure 7.7 and are 
listed in Table 7.18, Table 7.19 and Table 7.20. 
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Figure 7.5 Longitudinal stress distribution, xσ  , for a [0/90/±45]T laminated 
composite beam 
 
Figure 7.6 Transverse stress distribution, yσ  , for a [0/90/±45]T laminated 
composite beam 
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Figure 7.7 Shear stress distribution, xyτ  , for a [0/90/±45]T laminated 
composite beam 
Table 7.18 Longitudinal stress along the cross-section of a [0/90/±45]T 
laminated composite beam 
Ply x
σ (N/m2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top -5.1526E+07 -5.1941E+07 
Bottom -2.9394E+07 -2.9632E+07 
45° 
Top -3.3361E+07 -3.3632E+07 
Bottom -9.1815E+06 -9.2567E+06 
90° 
Top -5.4296E+06 -5.4742E+06 
Bottom 9.1704E+06 9.2432E+06 
0° 
(Bottom of 
laminate) 
Top 3.3265E+07 3.3530E+07 
Bottom 8.7613E+07 8.8315E+07 
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Table 7.19 Transverse stress along the cross-section of a [0/90/±45]T 
laminated composite beam 
Ply 
yσ  (N/m
2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top -6.8118E+05 -6.8635E+05 
Bottom 6.5352E+05 6.5869E+05 
45° 
Top -3.3139E+06 -3.3411E+06 
Bottom 6.8942E+04 6.9219E+04 
90° 
Top 1.0381E+07 1.0465E+07 
Bottom -6.0079E+06 -6.0559E+06 
0° 
(Bottom of 
laminate) 
Top 2.1490E+05 2.1653E+05 
Bottom -1.3150E+06 -1.3258E+06 
Table 7.20 Shear stress along the cross-section of a [0/90/±45]T laminated 
composite beam 
Ply 
xyτ  (N/m
2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top 9.4142E+06 9.4895E+06 
Bottom 4.8209E+06 4.8598E+06 
45° 
Top -1.1132E+07 -1.1223E+07 
Bottom -3.2808E+06 -3.3075E+06 
90° 
Top -7.3097E+05 -7.3677E+05 
Bottom 4.9077E+04 4.9794E+04 
0° 
(Bottom of 
laminate) 
Top 4.9077E+04 4.9794E+04 
Bottom 8.2912E+05 8.3635E+05 
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The longitudinal, transverse and shear stresses about the lamina co-
ordinate system transformed from the laminate co-ordinate system are listed in 
Table 7.21, Table 7.22 and Table 7.23. 
Table 7.21 Longitudinal stress for the lamina of a [0/90/±45]T laminated 
composite beam 
Ply 1
σ (N/m2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top -3.5518E+07 -3.5803E+07 
Bottom -1.9191E+07 -1.9346E+07 
45° 
Top -2.9470E+07 -2.9709E+07 
Bottom -7.8370E+06 -7.9012E+06 
90° 
Top 1.0381E+07 1.0465E+07 
Bottom -6.0079E+06 -6.0559E+06 
0° 
(Bottom of 
laminate) 
Top 3.3265E+07 3.3530E+07 
Bottom 8.7613E+07 8.8315E+07 
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Table 7.22 Transverse stress for the lamina of a [0/90/±45]T laminated 
composite beam 
Ply 2
σ  (N/m2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top -1.6689E+07 -1.6824E+07 
Bottom -9.5493E+06 -9.6267E+06 
45° 
Top -7.2055E+06 -7.2638E+06 
Bottom -1.2755E+06 -1.2863E+06 
90° 
Top -5.4296E+06 -5.4742E+06 
Bottom 9.1704E+06 9.2432E+06 
0° 
(Bottom of 
laminate) 
Top 2.1490E+05 2.1653E+05 
Bottom -1.3150E+06 -1.3258E+06 
Table 7.23 Shear stress for the lamina of a [0/90/±45]T laminated composite 
beam 
Ply 6
σ  (N/m2) 
CLPT FSDT 
-45° 
(Top of laminate) 
Top -2.5422E+07 -2.5628E+07 
Bottom -1.5024E+07 -1.5145E+07 
45° 
Top 1.5024E+07 1.5145E+07 
Bottom 4.6252E+06 4.6630E+06 
90° 
Top 7.3097E+05 7.3677E+05 
Bottom -4.9077E+04 -4.9794E+04 
0° 
(Bottom of 
laminate) 
Top 4.9077E+04 4.9794E+04 
Bottom 8.2912E+05 8.3635E+05 
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7.4.2.2 Failure Analysis 
 The maximum stresses in tension and compression for the lamina co-
ordinate system, 1σ , 2σ  and 6σ  , are listed below in Table 7.24.  
Table 7.24 Maximum stresses on material co-ordinates for a [0/90/±45]T 
laminated composite beam 
Type 
Maximum stress (N/m2) 
CLPT FSDT 
t1σ  8.7613E+07 8.8315E+07 
)( 1cabs σ  3.5518E+07 3.5803E+07 
t2σ  9.1704E+06 9.2432E+06 
)( 2cabs σ  1.6689E+07 1.6824E+07 
)( 6σabs  1.5024E+07 1.5145E+07 
Since none of the conditions from Equation (2.60) occur, thus failure does 
not occur and from Equation (2.62), the factor of safety for the laminate are 
calculated and listed below in Table 7.25. 
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Table 7.25 Factor of safety for the stresses with their corresponding 
strengths for a [0/90/±45]T laminated composite beam 
Type 
Factor of safety 
CLPT FSDT 
n1t 18.49 18.34 
n1c 19.43 19.27 
n2t 4.36 4.33 
n2c 8.39 8.32 
n6 3.99 3.96 
Thus, for design purpose, since we take the minimum value of the above 
Factor of Safety value, we shall take Factor of Safety for a [0/90/±45]T laminated 
composited beam to be as 3.99 using CLPT or 3.96 using FSDT. 
7.4.3 [0/90/±30]S Composite Beam 
7.4.3.1 Strain and Stress Analysis 
 The strains and stresses are plotted and listed in the following tables for a 
[0/90/±30]S S-glass/epoxy composite beam.  
The longitudinal, transverse and shear strains across the laminate are 
listed in Table 7.26, Table 7.27 and Table 7.28. Since they are linear along the 
cross-section of the laminate, just the top and bottom of the laminate strains are 
listed below. 
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Table 7.26 Normal strain at the top and bottom of a [0/90/±30]s laminated 
composite beam 
Ply 
xε  
CLPT FSDT 
0° 
(Top of laminate) Top -1.4136E-03 -1.4303E-03 
0° 
(Bottom of 
laminate) 
Bottom 1.4136E-03 1.4303E-03 
Table 7.27 Transverse strain at the top and bottom of a [0/90/±30]s 
laminated composite beam 
Ply 
yε  
CLPT FSDT 
0° 
(Top of laminate) Top 2.6267E-04 2.6576E-04 
0° 
(Bottom of 
laminate) 
Bottom -2.6267E-04 -2.6576E-04 
Table 7.28 Shear strain at the top and bottom of a [0/90/±30]s laminated 
composite beam 
Ply 
xyγ  
CLPT FSDT 
0° 
(Top of laminate) Top 8.5156E-05 8.6120E-05 
0° 
(Bottom of 
laminate) 
Bottom -8.5156E-05 -8.6120E-05 
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 The longitudinal, transverse and shear stresses along the cross-section of 
the laminate are plotted below in Figure 7.8, Figure 7.9 and Figure 7.10 and are 
listed in Table 7.29, Table 7.30 and Table 7.31. 
 
Figure 7.8 Longitudinal stress distribution, xσ  , for a [0/90/±30]s laminated 
composite beam 
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Figure 7.9 Transverse stress distribution, yσ  , for a [0/90/±30]s laminated 
composite beam 
 
Figure 7.10 Shear stress distribution, xyτ  , for a [0/90/±30]s laminated 
composite beam 
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Table 7.29 Longitudinal stress along the cross-section of a [0/90/±30]s 
laminated composite beam 
Ply x
σ (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -7.8361E+07 -7.9284E+07 
Bottom -5.8771E+07 -5.9463E+07 
90° 
Top -1.6456E+07 -1.6650E+07 
Bottom -1.0971E+07 -1.1100E+07 
30° 
Top -2.6408E+07 -2.6719E+07 
Bottom -1.3204E+07 -1.3360E+07 
-30° 
Top -1.3724E+07 -1.3886E+07 
Bottom 8.3158E-01 1.5352E+01 
-30° 
Top 8.3158E-01 1.5352E+01 
Bottom 1.3724E+07 1.3886E+07 
30° 
Top 1.3204E+07 1.3360E+07 
Bottom 2.6408E+07 2.6719E+07 
90° 
Top 1.0971E+07 1.1100E+07 
Bottom 1.6456E+07 1.6650E+07 
0° 
(Bottom of 
laminate) 
Top 5.8771E+07 5.9463E+07 
Bottom 7.8361E+07 7.9284E+07 
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Table 7.30 Transverse stress along the cross-section of a [0/90/±30]s 
laminated composite beam 
Ply 
yσ (N/m
2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -2.1802E+06 -2.2058E+06 
Bottom -1.6351E+06 -1.6544E+06 
90° 
Top 6.2272E+06 6.3006E+06 
Bottom 4.1515E+06 4.2004E+06 
30° 
Top -4.7642E+06 -4.8204E+06 
Bottom -2.3821E+06 -2.4102E+06 
-30° 
Top -2.5975E+06 -2.6281E+06 
Bottom 1.1869E-01 2.1911E+00 
-30° 
Top 1.1869E-01 2.1911E+00 
Bottom 2.5975E+06 2.6281E+06 
30° 
Top 2.3821E+06 2.4102E+06 
Bottom 4.7642E+06 4.8204E+06 
90° 
Top -4.1515E+06 -4.2004E+06 
Bottom -6.2272E+06 -6.3006E+06 
0° 
(Bottom of 
laminate) 
Top 1.6351E+06 1.6544E+06 
Bottom 2.1802E+06 2.2058E+06 
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Table 7.31 Shear stress along the cross-section of a [0/90/±30]s laminated 
composite beam 
Ply 
xyτ (N/m
2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 6.4719E+05 6.5451E+05 
Bottom 4.8539E+05 4.9089E+05 
90° 
Top 4.8539E+05 4.9089E+05 
Bottom 3.2359E+05 3.2726E+05 
30° 
Top -7.3871E+06 -7.4744E+06 
Bottom -3.6936E+06 -3.7372E+06 
-30° 
Top 4.2813E+06 4.3316E+06 
Bottom -2.4267E-01 -4.4801E+00 
-30° 
Top -2.4267E-01 -4.4801E+00 
Bottom -4.2813E+06 -4.3316E+06 
30° 
Top 3.6936E+06 3.7372E+06 
Bottom 7.3871E+06 7.4744E+06 
90° 
Top -3.2359E+05 -3.2726E+05 
Bottom -4.8539E+05 -4.9089E+05 
0° 
(Bottom of 
laminate) 
Top -4.8539E+05 -4.9089E+05 
Bottom -6.4719E+05 -6.5451E+05 
The longitudinal, transverse and shear stresses about the lamina co-
ordinate system transformed from the laminate co-ordinate system are listed in 
Table 7.32, Table 7.33 and Table 7.34. 
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Table 7.32 Longitudinal stress for the lamina of a [0/90/±30]s laminated 
composite beam 
Ply 1
σ (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -7.8361E+07 -7.9284E+07 
Bottom -5.8771E+07 -5.9463E+07 
90° 
Top 6.2272E+06 6.3006E+06 
Bottom 4.1515E+06 4.2004E+06 
30° 
Top -2.7394E+07 -2.7717E+07 
Bottom -1.3697E+07 -1.3859E+07 
-30° 
Top -1.4650E+07 -1.4823E+07 
Bottom 8.6352E-01 1.5942E+01 
-30° 
Top 8.6352E-01 1.5942E+01 
Bottom 1.4650E+07 1.4823E+07 
30° 
Top 1.3697E+07 1.3859E+07 
Bottom 2.7394E+07 2.7717E+07 
90° 
Top -4.1515E+06 -4.2004E+06 
Bottom -6.2272E+06 -6.3006E+06 
0° 
(Bottom of 
laminate) 
Top 5.8771E+07 5.9463E+07 
Bottom 7.8361E+07 7.9284E+07 
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Table 7.33 Transverse stress for the lamina of a [0/90/±30]s laminated 
composite beam 
Ply 2
σ (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top -2.1802E+06 -2.2058E+06 
Bottom -1.6351E+06 -1.6544E+06 
90° 
Top -1.6456E+07 -1.6650E+07 
Bottom -1.0971E+07 -1.1100E+07 
30° 
Top -3.7777E+06 -3.8221E+06 
Bottom -1.8888E+06 -1.9110E+06 
-30° 
Top -1.6715E+06 -1.6912E+06 
Bottom 8.6749E-02 1.6015E+00 
-30° 
Top 8.6749E-02 1.6015E+00 
Bottom 1.6715E+06 1.6912E+06 
30° 
Top 1.8888E+06 1.9110E+06 
Bottom 3.7777E+06 3.8221E+06 
90° 
Top 1.0971E+07 1.1100E+07 
Bottom 1.6456E+07 1.6650E+07 
0° 
(Bottom of 
laminate) 
Top 1.6351E+06 1.6544E+06 
Bottom 2.1802E+06 2.2058E+06 
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Table 7.34 Shear stress for the lamina of a [0/90/±30]s laminated composite 
beam 
Ply 6
σ (N/m2) 
CLPT FSDT 
0° 
(Top of laminate) 
Top 6.4719E+05 6.5451E+05 
Bottom 4.8539E+05 4.9089E+05 
90° 
Top -4.8539E+05 -4.9089E+05 
Bottom -3.2359E+05 -3.2726E+05 
30° 
Top 5.6784E+06 5.7452E+06 
Bottom 2.8392E+06 2.8726E+06 
-30° 
Top -2.6774E+06 -2.7090E+06 
Bottom 1.8736E-01 3.4589E+00 
-30° 
Top 1.8736E-01 3.4589E+00 
Bottom 2.6774E+06 2.7090E+06 
30° 
Top -2.8392E+06 -2.8726E+06 
Bottom -5.6784E+06 -5.7452E+06 
90° 
Top 3.2359E+05 3.2726E+05 
Bottom 4.8539E+05 4.9089E+05 
0° 
(Bottom of 
laminate) 
Top -4.8539E+05 -4.9089E+05 
Bottom -6.4719E+05 -6.5451E+05 
 
7.4.3.2 Failure Analysis 
 The maximum stresses in tension and compression for the lamina co-
ordinate system, σ1, σ2 and σ6 are listed below in Table 7.35.  
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Table 7.35 Maximum stresses on material co-ordinates for a [0/90/±30]s 
laminated composite beam 
Type 
Maximum stress (N/m2) 
CLPT FSDT 
t1σ  7.8361E+07 7.9284E+07 
)( 1cabs σ  7.8361E+07 7.9284E+07 
t2σ  1.6456E+07 1.6650E+07 
)( 2cabs σ  1.6456E+07 1.6650E+07 
)( 6σabs  5.6784E+06 5.7452E+06 
Since none of the conditions from Equation (2.60) occur, thus failure does 
not occur and from Equation (2.62), the factor of safety for the laminate are 
calculated and listed below in Table 7.36. 
Table 7.36 Factor of safety for the stresses with their corresponding 
strengths for a [0/90/±30]s laminated composite beam 
Type 
Factor of safety 
CLPT FSDT 
n1t 20.67 20.43 
n1c 8.81 8.70 
n2t 2.43 2.40 
n2c 8.51 8.41 
n6 10.57 10.44 
 
Thus, for design purpose, since we take the minimum value of the above Factor 
of safety value, we shall take Factor of Safety for a [0/90/±30]s laminated 
composited beam to be as 2.43 using CLPT and 2.40 using FSDT. 	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CHAPTER 8 
CONCLUSIONS AND RECOMMENDATIONS 
 
8.1 Contributions 
1. A uniformly-distributed load, static and moving loads on a composite 
laminated beam are modeled in MATLAB using CLPT and FSDT. 
2. Hygrothermal analysis is carried out on symmetric and asymmetric 
composite laminated beams subjected to a moving load, with different 
fiber volume fractions.  
3. Failure Analysis is done on symmetric and asymmetric laminated 
composite beams subjected to a moving load under dry conditions. 
8.2 Conclusions 
1. Hygrothermal Analysis and Stress Analysis of laminated composite beams 
under the effect of moving loads using finite element method is 
successfully carried out with the use of  MATLAB. 
2. Dynamic magnification factors are calculated for isotropic and composite 
beams and compared with previous authors, showing excellent 
agreement. The maximum dynamic magnification factor occurs at a higher 
velocity ratio than 1. 
3. The ply orientation influences the dynamic behavior of a beam subjected 
to moving load. The dynamic magnification factors in dry and 
hygrothermal conditions for the laminates considered generally follow 
similar pattern. As the fiber volume fraction increases, the dynamic 
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magnification factor generally  decreases; the one exception being in the 
case of [0/90/±45] where the dynamic magnification factor increases when 
Vf  = 0.7. 
4. In dry and hygrothermal conditions, the [0/90/±45] laminate has the 
highest dynamic magnification factor when compared to [0/±20]s and 
[0/90/±30]s laminates.  
5. Failure Analysis on a simply-supported beam subjected to a moving load 
under dry conditions indicates none of the three lay-ups, [0/±20]s, 
[0/90/±45]T and [0/90/±30]s, fail due to the applied moving load of 10 kN. 
6. The lowest factors of safety for the laminates [0/±20]s and [0/90/±45] are in 
in-plane shear whereas for [0/90/±30]s, it is in transverse tension. 
7. Based on these results a designer can choose the right ply orientations to 
control the dynamic behavior of laminated beams. 
8.3 Future Recommendations 
1. Moving mass analysis may be performed on the beams. The results can 
be compared with the present study.  
2. Since in this study, only a single moving load is considered for analysis, 
multiple loads in the future can be considered.  
3. The effects of different moisture contents on the dynamic deflections of 
laminates may also be calculated. 
4. Stresses under hygrothermal conditions can be considered including the 
effect of residual stresses. 
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